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Abstract

We study the problem of determining the maximum size of a spherical two-distance
set with two fixed angles (one acute and one obtuse) in high dimensions. Let Ny, g (d)
denote the maximum number of unit vectors in R¢ where all pairwise inner products
lie in {«, B}. For fixed —1 < 8 < 0 < o < 1, we propose a conjecture for the limit
of Ny g(d)/d as d — oo in terms of eigenvalue multiplicities of signed graphs. We
determine this limit when o 4+ 28 < 0 or (1 — a)/(a — B) € {1, v/2, V/3}.

Our work builds on our recent resolution of the problem in the case of « = —f
(corresponding to equiangular lines). Itis the first determination of limy_, oo Ny, g(d)/d
for any nontrivial fixed values of @ and 8 outside of the equiangular lines setting.
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1 Introduction

A set of unit vectors in R? is a spherical two-distance set if the inner products of
distinct vectors only take two values. The problem of determining the maximum size
of spherical two-distance sets is a deep and natural problem in discrete geometry.
Some of the earliest results in this area date to the seminal work of Delsarte et al.
[4]. They prove that a spherical two-distance set in R has size at most %d d + 3).
This bound is close to the truth, as taking the %d (d + 1) midpoints on the edges of
a regular simplex form a spherical two-distance set in R?. Recently Glazyrin and Yu
[6] determined that the maximum size of spherical two-distance sets in R is indeed
%d(d + 1) whenever d > 7 and d + 3 is not an odd perfect square; see [2, 14, 17] for
results in many small dimensions.

Givenaset A C [—1, 1), a spherical A-code is a set S of unit vectors in R4 where
(x, y) € A forall distinct x, y € S. We write N4 (d) the maximum size of a spherical
A-code in R?. In this paper, we are primarily interested in the case A = {«, B} for fixed
—1 < B < o < 1and large d, in which case we write Ny g(d) instead of Ny g)(d).

Let us briefly mention some early developments on this problem. The special case
o = —f corresponds to equiangular lines, whose study in the setting of fixed angle in
high dimensions began with the work of Lemmens and Seidel [12]. For spherical two-
distance sets with fixed angles, Neumaier [15, Corollary 5] showed that Ny g(d) <
2d + 1 unless (1 — «)/(o — B) is an integer. Furthermore, a result of Larman et al.
[11] implies the growth rate Ny g(d) = ®a,,3(d2) forall0 < 8 < a < 1 such that
(1 —a)/(a — B) is an integer.! The regime —1 < 8 < a < Ois less interesting, as an
easy argument shows that Nj_ ¢j(d) <1 — 1/a foralla < 0.

Recently work [1, 3, 9] culminated in a solution [10] to the problem of determining
the maximum number of equiangular lines with fixed angles in high dimensions. The
papers [1, 3] also address the more general problem of estimating N[_1,guja,...,a;} (d)
for fixed 8 < 0 < @ < --- < «a. In particular, Bukh [3] showed that
Ni-1,81U{e}(d) = Og(d), in sharp contrast to the quadratic dependence in dimen-
sion without angle restrictions. Significant progress was made by Balla et al. [1],
whose results in particular imply the bound Ny g(d) < 2(1 — a/B + o(1))d.
More generally, it was conjectured in [3] and proved in [1, Theorem 1.4] that
NiZ1,810ter . op) = Ok,,g(d"), and that there exist choices of «y, . .., ak, B for which
this upper bound is tight up to a constant factor. Here subscripts in the asymptotic
notation indicate that hidden constants may depend on these parameters.

We focus our attention on the goal of sharpening the above results for spherical
two-distance sets and obtaining tight asymptotics for their maximum sizes.

Problem 1.1 Determine, for fixed —1 < 8 < 0 < «a < 1, and large d, the maximum
number, denoted Ny g(d), of unit vectors in RY whose pairwise inner products lie in
{a, B}. In particular determine the limit of Ny g(d)/d as d — oo.

1 Using Wilson’s deep result [16] on the existence of balanced incomplete block designs, Larman et al.
[11, Theorem 3] constructed a spherical {0, 1/(A + 1)}-code C; (d) of size ©®;, (dz) in R? for any positive

integer A, from which one constructs a spherical {«, 8}-code {/1 — B(v, /B/(1 —B)): v € Cy(d)} of
size @)L(dz) in R4*! for every 0 < 8 < o with A = (1 — @)/(a — B) a positive integer.
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We recently solved Problem 1.1 in the case of equiangular lines [ 10] where § = —«.
To state the result, we need the following spectral graph quantity, introduced in [9].

Definition 1.2 The spectral radius order, denoted k(A), of a real number A > 0 is the
smallest integer k so that there exists a k-vertex graph G whose spectral radius A1 (G)
is exactly A. Set k(LX) = oo if no such graph exists. (When we talk about the spectral
radius or eigenvalues of a graph we always refer to its adjacency matrix.)

Theorem 1.3 (Equiangular lines with a fixed angle [10]) Fix @ € (0,1). Let A =
(1 — @)/(2a). For all sufficiently large d > dy(«),

kd—-1) | |
Nov—a(d) = L ko) —1 J ) = eo
d—+ o(d) otherwise.

Let us recap some key steps in the proof of the upper bound on N, (d) in Theorem
1.3. We will build on this framework.

Given a spherical {f«a}-code S, we consider the associated graph G with vertex
set S, where x, y € S are adjacent in G if (x, y) = —«. We are allowed to replace
any x € § by —x without changing the equiangular lines configuration. An argument
introduced in [1] reduces the problem to bounded degree graphs.

Theorem 1.4 ([1]and [10, Theorem 2.1]) For every @ € (0, 1), there exists A depend-
ing only on «, such that given any spherical {£«}-code S in R”, one can replace some
subset of vectors in S by their negations so that the associated graph G (as defined
above) has maximum degree at most A.

The problem of bounding the size of S is related to the multiplicity of (1 —«)/(2x)
as the second largest eigenvalue of the adjacency matrix of G. A crucial contribution
of [10] is that every connected bounded degree graph has sublinear second eigenvalue
multiplicity. More generally, we have the following. (See Definition 1.8 below for the
precise definition of j-th eigenvalue multiplicity.)

Theorem 1.5 ([10, Theorem 2.2]) Forevery j and A, thereis aconstant C = C(A, j)
so that every connected n-vertex graph with maximum degree at most A has j-th
eigenvalue multiplicity at most Cn/loglogn.

Turning to spherical two-distance sets, given a spherical {«, B}-code S (with 8 <
0 < a asalways throughout this paper), we define its associated graph G to have vertex
set S and where x, y € S are adjacent in G if (x, y) = B. Unlike for equiangular lines,
here we are no longer allowed to negate a subset of vectors in a spherical {«, 8}-code.
Instead, we show that G is very close to a complete p-partite graph. Here p is a specific
constant, with the equiangular lines problem corresponding to p = 2.

Definition 1.6 A graph G is a A-modification of another graph H on the same vertex
set if the symmetric difference of G and H has maximum degree at most A.
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Theorem 1.7 For every —1 < 8 < 0 < «a < 1, there exists A depending only on «
and B such that for every spherical {«, B}-code, its associated graph G (as defined
above), after removing at most A vertices, is a A-modification of a complete p-partite
graph, where p = | —o/B| + L.

Remark We allow empty parts in a complete p-partite graph. In particular, a complete
t-partite graph is always a complete p-partite graph for r < p.

It will be helpful to study such graphs using the language of signed graphs.

Definition 1.8 A signed graph is a graph whose edges are each labeled by + or —.
Throughout the paper we decorate variables for signed graphs with the & superscript.
The signed adjacency matrix A+ of asigned graph G* onn vertices is the n x n matrix
whose (i, j)-th entry is 1 if i is a positive edge, and —1 if ij is a negative edge, and 0
otherwise. We denote the eigenvalues of A+ by A1(GT) > A2(GT) > -+ > 1, (GF).
We write

mult(h, GF) = |{i : 1:(GF) = A}

for the the multiplicity of A as an eigenvalue of GT. The j-th eigenvalue multiplicity
of G* is defined to be mult(A (G*), GF). We use |G| and |GjE | to denote the number
of vertices in the graph.

Given a A-modification G of a complete p-partite graph K, we study the signed
graph G* defined by Ag+ = Ag — Ag. The growth rate of Ny, g(d) is related to the
eigenvalue multiplicity of G*. We introduce the following parameter generalizing the
spectral radius order k()) for signed graphs.

Definition 1.9 A valid p-coloring of a signed graph G¥ is a coloring of the vertices
using p colors such that the endpoints of every negative edge are colored using distinct
colors, and the endpoints of every positive edge are colored using identical colors. (See
Fig. 1 for an example.) The chromatic number x(G¥) of a signed graph G¥ is the
smallest p for which G* has a valid p-coloring. If G* does not have a valid p-coloring
for any p, we write x (G*) = o0.

Definition 1.10 Given A > 0 and p € N, define the parameter

|G*]

k,(\) =inf { ——
p() =in mult(x, GF)

cx(GH) < pand A(GF) =2} .

We say that k, (1) is achievable if it is finite and the infimum can be attained.

In the definition of kp(Gi), it is enough to consider connected G?, since the
eigenvalues of G* are given by the union of the the eigenvalues of its connected
components.

If x (G*) < 2, then the signed graph G* and its underlying graph G have the same
eigenvalues (including multiplicities), since the signed adjacency matrix of G* can be
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Fig. 1 A valid 3-coloring of a signed graph. Throughout this paper, the positive edges are represented by
solid segments and the negative edges are represented by dashed segments

obtained by conjugating the adjacency matrix of G by a {-£1}-valued diagonal matrix.
By the Perron—Frobenius theorem, the top eigenvalue of a connected unsigned graph
has multiplicity one. Thus,

ki(A) =kao(A) =k(A) forall A > 0.

However the behavior of k() is far more mysterious when p > 3. We do not know
any general method of estimating or certifying values of k, (). Also, it is not even
clear whether the infimum in the definition of k, (A) can always be attained whenever
kp(A) is finite.

Generalizing the construction in [9] relating equiangular lines to k(A ), we can obtain
a lower bound on limg_, o Ny g(d)/d (see Proposition 2.2). Our main conjecture,
below, says that this lower bound is sharp.

Conjecture 1.11 Fix -1 < <0 <a < L. Seth =1 —-a)/(¢ —B)and p =
l—a/Bl + 1. Then

Vs [P ik 0y < 0o
lim 22 _ e, —1 7P :
d=o0 1 otherwise.
We see above that the parameters
l —« o
A= and = {——J +1
o—p B

appear to play important roles in the problem. These two parameters A and p con-
jecturally govern the asymptotic behavior of Ny g(d). Our main theorem below

establishes Conjecture 1.11 for p < 2, as well as for A € {1, «/5, «/5}. This is the
first time that some limg_, oo Ny, g(d)/d is determined outside of the equiangular lines
setting (o = —p).

Theorem1.12 Fix -1 < f <0 <a < L Seth = (1 —a)/(a —B) and p =
[—a/Bl+ 1
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(a) If p < 2, then the maximum size Ny g (d) of a spherical {a, B}-code in R? satisfies

KO e
Ny p(d) = k(r) — 1 .8 if < 00,
d+o(d) otherwise.

(b) If »=1land p > 2, thenk,(1) = p/(p — 1) and Ny g(d) = pd + Oy g(1).
(c) If» = /3 and p = 3, then k3(v/3) = 7/3 and Ny g(d) = 7d /4 + O p(1).
(d) If » € (2,3} and p > A* + 1, then k,(A) = 2 and Ny p(d) = 2d + Og4 p(1).

Moreover, k,(A) is achievable for every A € {1, V2,33 and p € N.

Remark The conditions on A and p in Theorem 1.12 can be directly translated to ones
on « and B. The condition p < 2 in (a) amounts to o + 28 < 0, which includes
the special case « = —pf for equiangular lines. The conditions in both (b) and (d)
amount to (A + Do — A8 = 1 and )\,/(}\.2 +A14+1) <a < 1/(A+ 1), where
A € {1, /2, v/3}. For example, («, B) = (2/5, —1/5) satisfies the last two conditions
for A = 1, yielding Nay5_1/5(d) = 3d + O(1). It is worth contrasting the last
example to the universal equiangular lines bound Ny, _,(d) < 2d 4+ Oy (1) for all
fixed @ > O (implied by Theorem 1.3, but proved initially in [1]). Lastly the condition
in (c) amounts to (v/2 + Do — V28 = 1and 2/(3v2 +2) < a < 3/(4v/2 + 3).

We also prove a general upper bound on Ny g(d), though it is not expected to be
tight except for special values (e.g., it implies Theorem 1.12(a)(b)).

Theorem1.13 Fix -1 < B <0 <a < L Seth = (1 —a)/(a —B) and p =
|l —a/Bl + 1 and g = max{1, p/2}. Then

k(\)d
Nep(d) < ]z)g—ll + Ogp(1) ifk(X) < o0,
| . qd +o(d) otherwise.

Our proof of Theorem 1.12 indeed confirms Conjecture 1.11 in all the solved cases,
namely when p < 2or A € {1, v/2, v/3}. We employ a number of different methods for
bounding eigenvalue multiplicities in signed graphs in the different parts of Theorem
1.12:

e For (a) and (b), we apply the sublinear bound on eigenvalue multiplicity of bounded
degree unsigned graphs (Theorem 1.5 above; see Sect.4).

e For (c), we develop a forbidden induced subgraph framework (see Sect.5), and we
apply a careful third moment and triangle counting argument (see Sect. 6).

e For (d) we apply an algebraic degree argument (see Sect.7). Additionally, we
confirm Conjecture 1.11 for all algebraic integers A whose degree equals k(1) (see
the end of Sect. 7).

Remark After this work is completed, building on our forbidden induced subgraph
framework, Jiang and Polyanskii [8] proved Conjecture 1.11 for every A < A*, where
A= Y2 4+ p~1/2 ~2.01980 and B is the unique real root of x> = x + 1.
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A major obstacle to completely settling Conjecture 1.11 is that bounded degree
signed graphs may have linear top eigenvalue multiplicity.

Theorem 1.14 For every n > 3, there is a connected signed graph with 6n vertices,
maximum degree S, and chromatic number 3, such that its largest eigenvalue appears
with multiplicity n.

The rest of the paper is organized as follows. In Sect.2, we explain the connection
with spherical two-distance sets and the spectral theory of signed graphs, and further
proves a lower bound on Ny g(d). In Sect.3 we prove the structural result, Theorem
1.7. In Sect.4 we prove Theorem 1.12(a), Theorem 1.12(b), and Theorem 1.13 using
Theorem 1.5. In Sect. 5 we develop a forbidden induced subgraph framework to bound
Ny, g (d) from above. In Sect. 6 we prove Theorem 1.12(c) via a third moment argument
under the forbidden induced subgraph framework. In Sect. 7 we prove Theorem 1.12(d)
via an algebraic argument. In Sect.8 we give two constructions related to Theorem
1.14.

2 Connection to Spectral Theory of Signed Graphs

The spherical two-distance set problem has the following equivalent spectral graph
theoretic formulation. Here A > 0 means that A is positive semidefinite.

Lemma2l Let—1 < B <a < l.Seth=({1—-a)/(c—B)and n = a/(ax — P).
There exists a spherical {a, B}-code of size N in R? if and only if there exists a graph
G on N vertices satisfying

AM —Ag+upuJ =0 and rank(A — Ag +uJ) <d.

Proof For a spherical {«, 8}-code {vy, ..., vy} in R, let G be the associated graph
on vertex set {1,..., N}, where ij is an edge whenever (v;,v;) = B. The Gram
matrix M = ({v;, v})); j has 1’s on its diagonal and «, B everywhere else, so it equals
(1 —a)] — (0 — B)Ag + oJ, where [ is the identity matrix, J the all-ones matrix,
and Ag the adjacency matrix of G. We have M /(o — B) = Ml — Ag + uJ, where
A=(0—-a)/(e —B)and u = a/(e¢ — B). Since the Gram matrix M is positive
semidefinite and has rank at most d, the same holds for A/ — Ag + uJ.

Conversely, for every G, A and pu for which Al — Ag + pJ is positive semidefinite
and has rank d, there exists a corresponding configuration of N unit vectors in R¢,
with pairwise inner products in {, 8}. O

We are now ready to establish a lower bound on Ny g(d) using Lemma 2.1.

Proposition2.2 Fix —1 < B < 0 < a < 1. Then Ny g(d) > d for every positive
integer d. Moreover ifk, (1) < oo, where A = (1—a)/(a—B)andp = | —a/B|+1,
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then
k,(\)d
Kp)d Ou,p(1) ifk,(1) is achievable,
k,(n) —1
Ny p(d) > k,(\)d
P —o(d) otherwise.
k() — 1

Proof Let u = /(o — B). Take G to be d-vertex graph with no edges, so that Ag = 0
and Al — Ag + uJ is positive semidefinite and has rank at most d. So Ny g(d) > d
by Lemma 2.1. In fact, the spherical two-distance set constructed here forms a regular
(d — 1)-simplex.

Hereafter assume that k, (1) < oco. We first construct, for every signed graph G*
with x (G*) < pand A{(GF) = 4, a spherical {«, B}-code of size |Gi| in dimension
‘Gi| — mult(X, Gi) + p.Let Vi, ..., V, be the color classes of a valid p-coloring.
Consider the unsigned graph G obtained from taking the symmetric difference between
the underlying graph of G* and the complete p-partite graph with parts Vi, ..., Vp.
The adjacency matrix of G is related to the signed adjacency matrix of G* by

Ag = Ag+ + Ak,
where K is the complete p-partite graph with parts Vi, ..., V,,. Therefore,
M—Ag+ud =01 —Agt) + (uJ — Ag).
We have LI — Ag+ > 0 since 21(G*) = A. We now note that uJ — Ak is positive

semidefinite. Indeed, for every x € RV(Gi), we set s; = Y x, foreach i €
{1,..., p}, and we see

veV;

2
xT(u —Ag)x = <2si> —Zsisj =,u2si2 —(1 —M)Zsisj-

i#j i#j

Because Zi#j sisi < (p—1DY; si2 and p < 1/(1 — p), we conclude that

Therefore uJ — Ax > 0,and so Al — Ag + nJ > 0. We conclude by Lemma 2.1
that there exists a spherical {«, 8}-code of size \Gi| in RY, where

d =rank(Al — Ag + nJ) <rank (A\] — Ag+) +rank(uJ — Ag)
< |G*| — mult(x, G*) + p.

Now fix an arbitrary ¢ > 0. Take a signed graph th such that |G8ﬂE ]/mult(k, ch) <
kp(A) +¢, x (th) < p,and Aq (G;t) = A. For each positive integer £, denote by ZGsi
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the disjoint union of £ copies of GE. We have |€G§t| =1 |G;IE , mult(x, £GF) =
emult(h, GF), x(UGE) = x(GF) < p and A1 ((GE) = A1 (GE) = A. Thus we can
apply the above construction to G* = ZG:E to obtain a spherical {¢, 8}-code of size
l |G§t| in dimension £(|G8i| — mult(X, Gsi)) + p. We conclude that

Nep(@) 2 (G2 | el | T Oupe)
|Ge| = mult(x, G&) | — 1 —mult(r, GF)/ |G|
d (kp(3) + £)d
— Oupe(l) = —L22T2C 0 5 0(D).
STk te  CereD =0 1ae Qs

Finally notice that when k(1) is achievable, we can take ¢ = 0 in the above
argument. O

3 Structure of the Associated Graph

In this section we prove Theorem 1.7, which gives a structure characterization of
graphs that can arise from a spherical two-distance set. To that end, we introduce the
following notation.

Definition 3.1 Given a graph G, for sets Y € X C V(G), define Cx(Y) to be the set
of vertices in V(G) \ X that are adjacent to all vertices in ¥ and not adjacent to any
vertices in X \ Y, and foraset X € V(G) and A € N, define

cxa= |J o ad cxa= .
YCX: |Y|<A YCX: [X\Y|<A

We now present a series of structural lemmas leading to the proof of Theorem 1.7.

Lemma 3.2 Forevery A > 0 and n € (0, 1), there exist A € N and Lo € N such that
for every graph G that satisfies A\l — Ag + nJ > 0 the following holds.

(a) Neither of the following is an induced subgraph of G:

(al) The complete graph K a;
(a2) The complete (p + 1)-partite graph Ka .. A, where p = [1/(1 — ).

(b) For every independent set X of size L in G, if L > Ly, then

(b1) The maximum degree of G[Cx al is less than A, and
(b2) The number of vertices not in Cx o U Cx _ is at most L2k,

(c) For every pair of disjoint vertex subsets X1 and X», each of size L, in G, if L > Ly
and G[X1 U X3] is the complete bipartite graph with parts X1 and X», then

(c1) Every vertex in Cx, A N Cx, —a is adjacent to all but at most A vertices in
Cx,,—-ANCx, and
(c2) The number of vertices in Cx, A N Cx, a is less than A.
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Proof of (a1) Suppose on the contrary that G contains K A asasubgraph. Letv € RV ()
be the vector that assigns 1 to vertices in K o and O otherwise. Then vT (Al —Ag+uJ)v
becomes

AA — A(A — 1) 4+ pA?,
which would be negative if we had chosen A > (1 +X1)/(1 — w). O

Proofof (a2) Suppose on the contrary that G contains the complete (p + 1)-partite
graph K a as an induced subgraph. Again let v € RV (%) be the vector that assigns
1 to the vertices in Ko, a and O otherwise. Then vT(Al — Ag + ©J)v becomes

AMp+DA=p(p+ DA+ u((p+DA? =(p+DAG—(p— u(p+1)A).

Because p > 1/(1 — n) — 1 = /(1 — p) or equivalently p > w(p + 1), the last
factor above would be negative if we had chosen A > A/(p — u(p + 1)). O

Proofof (b7) Suppose on the contrary that a vertex u € Cx a has A neighbors
V],...,0A € Cxa. Letv € RV be the vector that assigns L to u, AL/A to
Vi, ..., VA, —(A 4+ 1) to the vertices in X, and O otherwise. Because u, vy, ..., vA €
Cx.A, we have

ITAGY > AL — 0+ DAL —A(h + DAL = AL* — (A + 1)*AL.

Using this bound and the fact that v71 = 0, we obtain that vT (Al — Ag + pnJ)v is at
most

AML?+22L% /A + (A + DL) —2(LL% — (. + 1)>AL)
= —x(1=2*/A)L* + 0, a(L).

which would be negative for sufficiently large L if we had chosen A > A2. O

Proofof (b2) To show that |V(G)\(CX’A U CX’_A)i < L2L it suffices to prove
|[Cx(A)| < L for every subset A of the independent set X such that |A| > A and
X\ Al > A.

Write a = |Al, b = |X\A|, and ¢ = |Cx(A)|. For any «, B, y € R, we consider
the vector v € RY () that assigns « to the vertices in A, f to the vertices in X \ A, y
to the vertices in Cx (A), and O otherwise, and we have

0<vT(A — Ag + pJ)v < Aaa’® + bB* + cy?) — 2acay + ulaa + bB + cy)>.
In particular, taking 8 = —(ax + cy)/(b + A/1), we obtain that for all o, y € R,

UA
ub + A

0< )»(aoc2 + cyz) —2acay + (aa + cy)z.
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For this quadratic form in & and y to be positive semidefinite, its discriminant must
be nonpositive:

b+ Aa(l — )2 ra? rc?
(ub + A( w)) a262 —(pas+ nAa rc + HAC <0
(ub + 1)2 wub + A ub + A

= Y

which simplifies to
(ub + 2(1 — ) ac < A*(ua + pb + A (b + pe + A). (1

By the assumption thata, b > A,if wehad taken A > max{x/u, 412, 2},then A < ub
and A2 < b/4, hence (1) would imply the following series of inequalities:

wrab’c < b/ (na +2ub)ub + nuc) = abc < (a+b)(b+c¢)

(a+b)b
< AT b=
‘“wb—a—p=-°T 0

Proofof (c1) Suppose on the contrary that a vertex u € Cx, ANCx,, —a is not adjacent
to v1,...,va € Cx;.—a N Cx,.a. Let v € RV(©) be the vector that assigns L to v,

—AL/Atovy,...,va,—1tothe verticesin X1, A to the vertices in X», and 0 otherwise.
Because u € Cx, A NCx, —a and vy, ..., va € Cx,,—a N Cx, A, we have

ITAGv > —AL + ML — A)L + (AL/A)A(L — A) — AL* = AL* — 21 + 1)AL.

Using this bound and the fact that v71 = 0, we obtain that vT (Al — Ag + nJ)vis at
most

ML? 4+ A2L%/A + L+ A*L) —2(AL* — 2» + 1)AL)
= —A(1=2*/A)L* + 0, a(L).

which would be negative for sufficiently large L if we had chosen A > A2. O

Proof of (c2) Suppose on the contrary that Cx, o N Cx, A contains vy, ..., va. Let
v € RV be the vector that assigns 2L/A to vy, ...,va, —1 to the vertices in
X1 U X5, and O otherwise. Because vy, ..., va € Cx; A N Cx, A, we have

$vTAGgu > —(2L/A)2A* + L? = —4AL + L*.

Using this bound and the fact that v71 = 0, we obtain that vT (Al — Ag 4+ uJ)v is at
most

AAL?/A +2L) — 2(—4AL + L?*) = —2(1 = 20/A)L* + 05 A(L),
which would be negative for sufficiently large L if we had chosen A > 2A. O
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Proofof Theorem 1.7 Let A = (1 — a)/(e¢ — B) and u = a/(e¢ — B) (and so p =
l—a/B+ 1] = [1/(1 — w)]). As in Lemma 2.1, the associated graph G of the
spherical {«, §}-set satisfies Al — Ag + uJ > 0.

Choose A and L as in Lemma 3.2. We shall prove that G, after removing at most
pL2L + (’2’)A + R(A, L2PL) vertices, is a p A-modification of a complete p-partite
graph, where L = Lo + (p + 2)A and R(-, -) is the Ramsey number.

We may assume that |G| > R(A, L) because otherwise G is vacuously a pA-
modification of a complete p-partite graph after removing all its vertices. By Lemma
3.2(al) and Ramsey’s theorem, there exists an independent set of size L in G. Choose
the maximum ¢ < p such that the complete ¢-partite graph K;_;a ... 1—:a 1S an
induced subgraph of G (note that r > 1 since there is an independent set of size L).
Let X1, ..., X; C V(G) be the parts of this z-partite graph.

Define for every i € {1, ..., t} the vertex subset

Vi=Cx; AN ﬂ Cx;,-A-
J#L
By (bl) and (c1) in Lemma 3.2, we see that the G[V] U - - - U V;] is a t A-modification

of the complete ¢-partite graph with parts Vi, ..., V;.
We bound U := V(G) \ (V] U---U V;) as follows. Set

Ui =V(G)\ (Cx;,aUCx,—n), Uj=Cx;,aNCx;a, U' = mCX,-,—A-
i

Note that U = (|J,; U;j) U (Ui<j U;)u U™. It is enough to bound the cardinalities

of U;, Ujj, U™.Lemma 3.2(b2) says that |U;| < L2% for each i. Lemma 3.2(c2) says
that Ul.;‘ < Afori < j.

Finally, we claim that U™ does not contain a subset of size L2/ that is independent
in G. Indeed, suppose on the contrary that U contains an independent set of size L2/
Since every vertex in U™ has at least L — (t + 1) A neighbors in X; for each i, by the
pigeonhole principle, there exist X/1 CXi,....,X; S Xyand U’ C U™, each of size
L—(t+1)A, suchthat G[X|U---UX;UU']is acomplete (¢ + 1)-partite graph with
parts X7, ..., X, and U’, which contradicts our choice of # or Lemma 3.2(a2) in case
t = p. This finishes the proof of the claim. In view of Lemma 3.2(al) and Ramsey’s
theorem, we obtain |U | < R(A, L2'F). Intotal, |U| < tL2% + (5) A+ R(A, L2'F).

O

4 Graph Eigenvalue Multiplicity Argument
We estimate the eigenvalue multiplicity of a signed graph with bounded maximum

degree by that of a (not necessarily connected) graph. Recall Definition 1.2 of the
spectral radius order k().).
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Lemma4.1 For every A > 0, A € N, and j € N, if G is an n-vertex graph with
maximum degree at most A and A j(G) < A, then

i G < {n/k<x>+ O.ja(1) ifk() < oo,
On,j(n/loglogn)  otherwise.
Proof Let Gi,...,G; be the connected components of G numbered such that
A(G1), ..., A1(Gs) > A and A1 (Gg41), ..., A1(Gy) < A. Because 1;(G) < A,
we know that s < j.Setn; = |G;landn =) n; = |G]|.
For each i < s, since G; is a connected graph with maximum degree at most A
and A;(G;) < A, Theorem 1.5 gives a constant C = C(A, j) such that

Cn,-

mult(A, G;) < ——.
loglogn;

(2)
We break the rest of the proof into two cases.
Case k(1) < 0o. Set Ny = exp(exp(Ck(}r))). Fori < s, when n; > Ny, we can relax

(2) to mult(A, G;) < n;j/k()); when n; < Ny, clearly mult(A, G;) < n; < Np. To
sum up, for i < s, we always have

n;
mult(A, G;) < m + Np. 3)

For eachi > s, when A{(G;) = A, because G; is connected, we know that n; >
k(A), and so by the Perron—-Frobenius theorem, we obtain

n; .
mult(, G;) <1< X0 4

when 11 (G;) < A, clearly (4) holds trivially. We combine (3) and (4) to obtain

t
n

t
n;
ltk,ng It(x, G;) < —_— Ny < —
mult( ) mult( i) 2 k(k)+s 0 K0

i=1

+ Oa,j(1).

Case k(L) = oco. Fori > s, because A1(G;) < A and k(L) = o0, it must be the case
that A1(G;) < A, and so mult(A, G;) = 0. Therefore (2) gives

mult(x G)—Zs:mult(k Gh<j max — " —ou (2
' _i=1 i = i=i<jloglogn; 7/ \loglogn )~ O

Next we prove Theorem 1.13, which states that

gk(\)d .

——+0 1) ifk(x ,
Nop(d) < 1 kGy —1 1 QepD 1HAG) <00

qd + o(d) otherwise,
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where A = (1 —a)/(e¢ — B) and p = | — «/B] + | and ¢ = max{l, p/2}.

Proof of Theorem 1.13 In view of Lemma 2.1, consider a graph G on Ny p(d) vertices
satisfying

M —Az+uJ =0 and rank(A] — Ag +puJ) <d,

where A = (1 — «)/(0 — B) and u = «/(a¢ — B). By Theorem 1.7 we obtain a
constant A = A(a, B) such that the graph, denoted G, obtained from G by removing
at most A vertices is a A-modification of a complete p-partite graph, denoted K,
where p = [1/(1 — n)]. Define the signed graph G* by Agx = Ag — Ag. Notice
that the maximum degree of G¥ is at most A, and x (G*) < p.

Now the signed adjacency matrix of G¥ satisfies

AM —Ag:t +uJ —Agx >0 and rank(Al — Agx +uJ — Ag) <d.

Note that rank(uJ — Ag) < p. From the first condition above, we deduce using the
Courant—Fischer theorem that A, 1 (Al — Ag=) > 0 or equivalently A, (G*F) < A
From the second condition above, we deduce using subadditivity of matrix ranks that
rank(Al — Ag+) < d + p or equivalently

mult(r, GF) > |G*| - (d + p). 5)
We break the rest of the proof into two cases.

Case p = 1. The signed graph G* consists of positive edges only. Lemma 4.1 provides
the upper bound

GE| k() + Og p(1) if k(A ,
mult(h, GF) < | |1()+ a,p(1) 1 ().<oo

o(|G*]) otherwise.
Combining with (5), we get

|GE| k(W) + Oap(1) if k(1) < o0,

|
|G| —d+p) < {0(‘Gi|) otherwise,

which implies

kd 4+ Oq.5(1) ifk(X)
—_— i <00
G*| < ey —1 " 7%F ’
d+o(d) otherwise.

The desired upper bound on Ny g(d) follows immediately in view of |Gi| >
No,g(d) — A.

Case p > 2. Let V| and V; be the largest parts of the complete p-partite graph K. Let
Gﬁ be the signed subgraph of G* induced on V| U Vs, and let G| be the underlying
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graph of GTZ. Notice that |G 3| = |Vi|+ | V2| = 2 |Gi} / p, and the maximum degree
of G, is at most A, and X(GTZ) < 2. Since x(GE) < 2, the signed graph GE is
isospectral to its underlying graph G ;. It follows from Lemma 4.1 that

|G 12l /k(A) + Oq,p(1) if k(1) < o0,

mult(r, G5) = mult(h, Gp2) <
( 2) ( 12) o(|G12]) otherwise.

By the Cauchy interlacing theorem, we have
mult(h, G¥) — (|G*| - |G12]) < mult(r, G).

Combining (5) and the above two inequalities, we get

(5)
|Gi2l = (d + p) = mult(r, GF) — (|G| - |G1al)
|G 12l Jk(A) + Ogp(1) ifk(X) < oo,
o(|G12]) otherwise,
which implies
k(\d

Gpol < Lk —1 T QD T < 0,

d+o(d) otherwise.

The desired upper bound on Ny g(d) follows immediately in view of the inequalities
|G12| = 2|G*| /p and |G| = Ny p(d) — A. o

As a corollary, we obtain the following general lower bound on &, ().

Corollary 4.2 Forall .. > O and p > 2,

pk(X)
kp) = pk(}) — 21

Proof Comparing Proposition 2.2 and Theorem 1.13, we get

kk,,()\)d o) < pk(L)d
p(A) —1 2k(x) — 1)

+ Op,k(l)s
which implies the desired lower bound. (It is also not hard to prove Corollary 4.2
directly, but we do not do so here.) O

Remark For general A, we do not know any algorithm for computing k(A) (or even
deciding whether k(1) < 00), though deciding whether k(A) < k for each integer k
is a finite problem as can be done by a brute-force search over all graphs up to a fixed
size.

@ Springer



218 Combinatorica (2023) 43:203-232

Fig.2 The Paley graph of order
9

Fig.3 The Shrikhande graph

When A € N, we have k(L) = A 4 1 because the complete graph K 4 is the graph
on fewest vertices with spectral radius A. In contrast, even for A € N, computing the
exact values of k, () seems to be very difficult for p > 3. For A = 2, Corollary
4.2 implies that k3(2) > 9/5 and k4(2) > 3/2. Note that both the Paley graph of
order 9 in Fig.2 and the Shrikhande graph in Fig.3 are strongly regular graphs with
—2 as their smallest eigenvalue with multiplicity 4 and 9 respectively. Moreover their
chromatic numbers are 3 and 4 respectively. The all-negative signed graphs of these
two strongly regular graphs would yield k3(2) < 9/4 and k4(2) < 16/9. We leave the
determination of k,(2) for p > 3 as an open problem.

Theorems 1.12(a) and 1.12(b) follow easily from Theorem 1.13 and Proposition
2.2.

Proof of Theorem 1.12(a) Because p < 2, wehave g = max({l, p/2} = landk,(}) =
k(A). Moreover, if k(L) < oo then k() can be achieved for k,(A) by the smallest
graph whose spectral radius is exactly A. Thus Theorem 1.13 and Proposition 2.2 give
matching bounds on Ny g(d). ]

Proof of Theorem 1.12(b) Because A = 1 and p > 2, we have k(A) = 2 and g =
max(1, p/2) = p/2. Thus Theorem 1.13 gives

Na,ﬂ(d) =< Pd + Oa,ﬁ(l)- (6)

Corollary 4.2 implies thatk, (1) > p/(p—1). To see that p/(p —1) can be achieved
for kj, (1), consider the all-negative complete signed graph K ;,t on p vertices. Clearly
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x (K ;,'E) = p. Since the smallest eigenvalue of the complete unsigned graph K, is —1
with multiplicity p — 1, the largest eigenvalue of K ;,t is 1 with multiplicity p — 1. Now
Proposition 2.2 provides a lower bound that matches (6) up to an additive constant. O

5 Forbidden Induced Subgraphs

The next lemma enables us to forbid finitely many induced subgraphs in the signed
graph that arises from Theorem 1.7. Here an induced subgraph of a signed graph keeps
the original edge signs.

Lemma5.1 Fix A >0, € (0,1), p € N, and A € N. For every signed graph H*
with A (HT) > A, there exists ng € N such that for every t < p and every graph G
that is a A-modification of a complete t-partite graph K, if A\l — Ag + nJ > 0, and
the size of each part of K is at least ng, then H* cannot be an induced subgraph of
the signed graph G* defined by Ag+ = Ag — Ak.

Proof Suppose that G is a A-modification of a complete 7-partite graph K with parts
Vi, ..., V4, and suppose that the size of each part of K is at least ng. Assume for the
sake of contradiction that H* with A1 (H*) > A is an induced subgraph of G*. Take
no = (|Hi| + pm)A, where m = |[A |Hi| /(M(Hi) — A)] + 1. We can greedily
find V{ € Vi, ..., V; € V, such that

(1) each V; is disjoint from V (H*) and has size m,

(2) G induces a complete ¢-partite graph with parts Vi, ..., V;,

(3) for every vertex v of H * ifve ‘71', then, in G, the vertex v is adjacent to every
vertex in V; for j # i, and is not adjacent to any vertex in V;.

Letx € RV pe a top eigenvector of H, and set

S; = E Xy-

ueV(HHNV;

Note that si2 < |V(Hi) N \7, | xTx for each i, which implies that

> st < |H|xTx. ™
i

Consider the vector v € RV (%) extending x that in addition assigns —s; /m to each
vertex in V; fori € {1,...,t}. Since v is chosen so that Zueﬁ v, = 0 for each
iefl,...,t}, we have Jv = 0 and Axv = 0. Now we can simplify the quadratic

form as follows:
oI —Ag +u)v =0T — Agx — Ax +uJ)v = vT (Al — Ags)v.
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Next, since no vertex in HT is adjacentto Vi U--- U V; in G*, we have

VT — Age)v = xT(M — Ays)x + A Zm(si/m)z

1

= (A= M(HH)xTx + 1) s7/m
< (A= MHS + 1 |HE| /m)xTx, by (1)

which is negative because m > A |Hi| /(A (H*) — 1). This contradicts ALl — Ag +
wJ > 0. O

Lemma 5.1 leads us to bound eigenvalue multiplicities in a restricted class of signed
graphs obtained by forbidding certain induced subgraphs.

Definition 5.2 Given a family 7 of signed graphs, let M, 74(A, N) be the maximum
possible value of mult(x, G*) over all signed graphs G* on at most N vertices that
do not contain any member of H as an induced subgraph and satisfy x (G¥) < p and
hpr1(G*) < A

In our application, we will only be allowed to forbid a finite H such that A; (H¥) > A
forall H* € H.

Remark We could choose H properly so that every signed graph G* considered in
Definition 5.2 of M, 3;(, N) has its maximum degree bounded by a constant depend-
ing only on p and A. In fact, set D = |A?], and suppose that 7 includes all the signed
graphs H* on D + 2 vertices with x (H) < 2 such that the underlying graph of H*
contains the star Ki p41. One can then show that for every graph G* that does not
contain any member of 7 as an induced subgraph, the maximum degree of G is at
most x (G¥)D.

The next statement relates the maximum size of a spherical two-distance set with
the above eigenvalue multiplicity quantity.

Theorem53 Fix -1 < 8 <0 <o < L. Setx = (1 —a)/(a« —B) and p =
L — /B + 1. Let H be a finite family of signed graphs with »1(H¥) > A for each
H* € H. Then
Nop(d) <d+ My (X, Nog(d)) + Og g+ (1).
Proof In view of Lemma 2.1, consider a graph G on Ny, p(d) vertices satisfying
M—Az+uJ =0 and rank(Al — Az +uJ) <d,

where 2 = (1 —a)/( — B) and u = /(e — B). By Lemma 3.2 we obtain a constant
A = A(w, B) such that G, after removing at most A vertices, is a A-modification of

a complete p-partite graph, where p = [1/(1 — u)].
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Let ng = no(a, B, H) be the maximum ng given by Lemma 5.1 when it is applied
to each member of H respectively with the parameters A, 11, p, and A. After removing
at most A vertices from G, we can further remove at most png vertices from G to
obtain a graph, denoted G, that is a A-modification of a ¢-partite graph, denoted K,
with each part of size at least ng, for some ¢ < p. Define the signed graph G* by
Agt = Ag — Ag. Since Al — Ag + nJ > 0, by our choice of ng, we know that the
signed graph G* does not contain any member of  as an induced subgraph. Notice
that x (GT) <t < p.

Now the signed adjacency matrix of G satisfies

AM — Ag: +uJ — Ag =0, (8a)
rank(A] — Agx + uJ — Akg) <d. (8b)

Note that rank(uJ — Ag) <t < p. From (8a) we deduce using the Courant—Fischer
theorem that A, 1 (Al — Ag+) > 0 or equivalently A 4 (GF) < A. Recall that G*
has at most Ny g(d) vertices, G?* does not contain any member of H as an induced
subgraph, and x (Gi) < p. According to Definition 5.2,

mult(h, G¥) < M, (A, Nap(d)).

From (8b) we deduce using subadditivity of matrix ranks that rank(Al — Agz) <
d + p or equivalently

mult(A, GF) > [G*| — (d + p).
Combining with |Gi| > Ngg(d) — A — png, we get

Nop(d) < |GE| + A+ pno
<d+mult(h, G+ A+ p(ng + 1)

=d+ M,k Nop(d)) + Oapr(1). 0

For each value of A and p, if we could prove the following upper bound on the
eigenvalue multiplicity, then it would imply Conjecture 1.11 via Theorem 5.3.

Conjecture 5.4 For every A > 0 and p € N, there exists a finite family H of signed
graphs with ,1(HF) > A for each H* € H such that

My 2 Ny < IN/kp(A) + o(N) ifk,,()»)' < o0,
o(N) otherwise.

We include the short deduction below that foreach 2. > 0 and p € N, Conjecture 5.4
implies Conjecture 1.11. Though, for deducing Theorem 1.12(c) in the next section,
we will prove each bound directly without resorting to Conjecture 5.4, in order to give
a slightly better error term of Oy, g(1) instead of o(d).
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Proof that Conjecture 5.4 implies Conjecture 1.11 for each . > 0 and p € N
Choose H as in Conjecture 5.4. In the case when k, (1) < oo, by Theorem 5.3, we
have

Ny g(d) <d+ My (A, Ny p(d) + Ogp(1) <d+ <k W + 0(1)> N, p(d).
p
Therefore
kp(2)
Ny p(d) < <m + 0(1)> d,

which matches the lower bound in Proposition 2.2. The case of k,(A) = oo is similar.
O

6 Third Moment Argument

For » = +/3 and p = 3, we give a tight upper bound (verifying Conjecture 5.4) on
mult(x, G¥) for those signed graphs G* in Theorem 5.3, which implies a tight upper
bound on the corresponding Ny, g(d).

Theorem 6.1 There exists a finite family H of signed graphs with A (H*) > /3 for
each H* € 'H such that

M3 +(~/3,N) <3N/7.

Proof Let H be the family of all the signed graphs H* on at most 5 vertices with
A (H*) > /3. For the sake of contradiction, assume that G is a signed graph with
the minimum number of vertices such that x (G*) < 3, no member of H is an induced
subgraph of G*, and mult(v/3, G*) > 3 |Gi| /7. By our choice of 'H, every subgraph
of G* induced by at most 5 vertices has largest eigenvalue at most /3. Note that G*
is connected by its minimality. Let V(G*) = V; U V, U V3 be a valid 3-coloring of
G¥ allowing some V;’s to be empty, and let G be the underlying graph of G*. The
next four claims reveal the local structure of G*.

Claim 1 The edges of every triangle in G are all negative in G*.

Proof of Claim 1 Since x (G¥) is finite, every signed triangle in G, other than the all
negative one, contains 0 or 2 negative edges. In either case, the chromatic number of
the signed triangle is 2, hence its largest eigenvalue equals 11(K3) = 2. However,
every induced triangle of G* has largest eigenvalue at most /3. O

Claim 2 If G induces a star on {vg, vy, va, v3} centered at vy, then v{, v, v3 are the

only neighbors of vy in G, and moreover for every w # vg that is adjacent to at least
one of v1, v2, v3, exactly two of vy, v2, v3 are adjacent to w in G.
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Proofof Claim2 Let w € V(G) \ {vo, v1, v2, v3} be a vertex that is adjacent to at least
one of vg, vy, v2, v3, and consider the vector v € RW, where W = {vo, v1, v2, V3, W},
that assigns J3to vo, o (vov;) to v; fori € {1, 2, 3}, e tow, whereo: E(G) — {£1}
is the signing of G* and ¢ € R. According to our choice of v, we have

VT AgEwiv = 673 4 2¢ Z o (Viw)vy,.
viweE(G)

By the Courant-Fischer theorem, we also have
VT Ageiwiv < A (GEWDTo < V/3(6 + £2).

For the last inequality to hold for all ¢ € R, we must have

Z o(wjw)vy, =0,

viweE(G)

which implies that vow ¢ E(G), and exactly two of vy, vz, v3 are adjacent to w in G.
O

Claim 3 The maximum degree of G is at most 4.

Proof of Claim 3 Suppose on the contrary that vy is adjacent to at least 5 vertices in
G. Without loss of generality we may assume that vgp € V1, and by the pigeonhole
principle that 3 neighbors, say vy, va, v3, of vg are in V1 U V5. As X(Hi) < 2, where
H* = Gi[{vo, v1, v2, v3}], by Claim 1, H¥* contains no triangles. Thus G induces
a star on {vg, v1, v2, v3} centered at vy, and so by Claim 2, vg has no neighbors other
than vy, vy, v3 in G, which leads to a contradiction. O

Claim 4 The underlying graph G contains an induced star K 3.

Proof of Claim 4 Suppose on the contrary that G does not contain any induced K 3.
For every v € V(G), the subgraph of G induced by the neighbors of v contains
no independent set of size 3, in particular, this induced subgraph contains at most 2
connected components, hence it contains at least d, — 2 edges, where d, is the degree
of v in G. In other words, every v € V(G) is contained in at least d,, — 2 triangles.

Recall from Claim 2 that every triangle in G has all its edges negatively signed.
Let A1, A2, ..., A, be the eigenvalues of G*, where n = |Gi , and let ¢ be the total
number of triangles in G. Thus we have

=Y x = (AL =6t =2 (dy —2).
i v

Note that

Y ai=tw(Af) =) d, and Y ki =tr(Ags) =0.
i v i
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Thus we have

DO+ =T < -2) (di =) +2) dy=4n.
i v v

Since the characteristic polynomial of Ag=+ is a polynomial with integer coefficients,
we obtain mult(—\/g, GH) = mult(\/g, G?*), which is more than 3n /7. For other
eigenvalues A;, by Claim 3, we know that A; > —4, and so

A2 —Thi =i — D*y +4) — 4> —4.

Therefore

3 32
303 +222 -7 > 7”.2.2(¢§)2+;.(_4): T” > 4n,
i

which is a contradiction. O
The following claim imposes restriction on G* with small number of vertices.

Claim 5 The number n of vertices in G is either 6 or at least 8. Moreover, ifn € {6, 8}
then G is a 3-regular graph, and the signed adjacency matrix of G* satisfies Azci =
31.

Proof Claim 4 shows that n > 4, and moreover when n = 4, G is precisely K; 3,
in which case mult(\/g, Gi) = mult(«/g, G) =1 < 3n/7. Thus n > 5. Because
mult(—+/3, GF) = mult(v/3, GF) > 3n/7, we obtain

n > mult(v/3, GF) + mult(—v/3, G*) > 2([3n/7] + 1), )

which rules out n = 5 and n = 7. Therefore n = 6 or n > 8. Suppose that n € {6, 8}.
Note that equality must hold for (9). Thus mult(—\/g, G*) = mult(«/g, Gi) =n/2,
which implies that mult(3, AzGi) = n. Hence A2Gi = 31, which in particular implies
that G is a 3-regular graph. O

Suppose G induces a star on {vg, v1, v2, v3} centered at vy. Let L; be the set of
vertices at distance i from vg in G. From Claim 2, we know that L = {vy, vz, v3}, and
moreover every w € L is adjacent to exactly two among vy, v2, v3. Because |G| > 6,
it must be the case that L, # &. We break the rest of the proof into two cases.

Case |L;| = 1. Suppose L, = {w}. By Claim 2, without loss of generality, w is
adjacent to v; and vy. Because |G| > 6, it must be the case that L3 # &. Take any
w’ € Lj. Note that G induces a star on {w, vy, v2, w'} centered at w. By Claim 2,
L3 = {w'} and L4 = @, which implies |G| = 6. By Claim 5, G is a 3-regular graph,
which is a contradiction.

Case |L;| > 2. For every two wi, wy € Lj, we claim that they do not have the
same pairs of neighbors in L. Indeed, suppose on the contrary that both w; and w»
are, without loss of generality, adjacent to v; and vy in L;. Since v is adjacent to
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vg, w1, wy, by Claim 2, G does not induce a star on {vg, v{, wy, wa} centered at vy,
and so wiw, € E(G). Now we have two triangles wjw,v; and wjwyvy, which by
Claim 1 all have negative edges. Thus v; and v, are in the same part of the valid
3-coloring. Let H*E = Gi[vo, v, v2, wi]. Then X(Hi) <2and HY is a signed
4-cycle. Thus A1 (H jE) = X1(Cs) = 2, where C4 denotes the 4-cycle, contradicting
M(H*) < /3.

Assume for a moment that |G| = 6. In this subcase, |L,| =2 and L3 = &, and so
the degree of every vertex in Lj is 2. By Claim 5, G is a 3-regular graph, which is a
contradiction. Hereafter |G| > 8.

Because no two vertices in L, have the same pairs of neighborsin Ly, |Ly| < (;) =
3. Because |G| > 8, it must be the case that L3 # &. Take wy € Ly and w’ € L3
such that wiw’ € E(G). Without loss of generality, suppose that w; is adjacent to v;
and vy. Since G induces a star on {vy, vz, wi, w'} centered at wy, by Claim 2, w’ is
the only neighbor of w; in L3, and w’ has no neighbor in L4. Now take an arbitrary
vertex wy € Lo\{wi}. Since w; and w, do not have the same pairs of neighbors in
L1, the vertex wy is adjacent to only one of vy and vy, and so wow’ € E(G) by Claim
2. We can apply the previous argument to w» in place of wy, and conclude that w’ is
the only neighbor of w; in L3. Since wy € L1\{w;} was chosen arbitrarily, we know
that L3 = {w’} and L4 = &, which implies |L,| = 3 and |G| = 8.

Since G is a 3-regular graph by Claim 5, it is easy to see that G must be the cubical
graph. In view of Claim 5, G is a signed cube that satisfies Aéi = 31, which means
that every square of G* contains odd number of negative edges. Because x (GT) < 3,
G has no cycle with exactly one negative edge, and in particular every square of G+
contains exactly one positive edge. At this point, it is not hard to deduce that G* is
exactly H3i in Fig.4. However X(H3i) = 4, which is a contradiction. O

Proof of Theorem 1.12(c) Theorems 5.3 and 6.1 give
Nop(d) <d +3Nup(d)/T+ Oup(1),
which implies
Nog(d) =7d/4+ Ogp(1). (10)
Comparing with Proposition 2.2, we get

k3(+v/3)d

d
———— —o(d — + Og,p(1),
=T @ =+ OupD

@ Springer



226 Combinatorica (2023) 43:203-232

Fig.5 A
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which implies that k3(+/3) > 7/3. One can check that the signed graph H3jE in Fig.4
satisfies

2 _
AH;_3I,

and so mult(\/§, H3i) = mult(—«/g, H3i) = 4. By the Cauchy interlacing theorem,
the signed graph I:I?,jE in Fig.5, which is an induced subgraph of H3jE on 7 vertices,
satisfies mult(+/3, ﬁ;c) = mult(—+/3, I-AI;E) = 3. Moreover X(I-A13i) = 3. Therefore
7/3 can be achieved for k3(v/3) by H". Now k3(+/3) = 7/3, and Proposition 2.2
provides a lower bound that matches (10) up to an additive constant. O

7 Algebraic Degree Argument

We use the following simple observation to derive the asymptotic formula of Ny g(d)
in the k, (A1) = deg(A) case, where deg(A) denotes the algebraic degree of A. In

particular, the results in this section confirm Conjecture 1.11 when A € {+/2, +/3} and
p=Ar+1.

Proposition 7.1 For every algebraic integer . > 0 and every signed graph G,
mult(x, GF) < |G*|/ deg(n).

In particular, k(1) > deg(}) forall p € N.

Proof If ) is an eigenvalue of a signed graph G then each of its conjugates must also
appear with equal multiplicity as eigenvalues of G*. Hence mult(x, G*) deg(L) <
|G| o
Proposition7.2 For -1 < 8 <0 <a < I, set A = (1 —a)/(0x — B) and p =
L —a/Bl + 1. If A is an algebraic integer of degree at least 2, then

deg(M)(d + 1)

No,p(d) = deg() — 1

If in addition k,(A) = deg()) and is achievable, then

deg(r)d

Ny pg(d) = m

+ Og,p(1).
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Fig.6 Hj

---9
----0

I

Proof By Lemma 2.1, we see thatif G is the graph associated to a spherical {«, 8}-code
of size N in R, then, setting © = o/(a — B) as in Lemma 2.1, we have

d > rank(Al — Ag + nJ) > rank(Al — Ag) — 1

1
=N-—mult(h,G)—1>(1— N—1,
deg(2)

where the final step applies Proposition 7.1. This yields the first claim. If in addition
kp(A) = deg(}) and is achievable, then Proposition 2.2 gives a matching lower bound.
O

Let us consider the case when A is an algebraic integer of degree 2. Furthermore
suppose that k,,(A) = 2 and can be achieved by a signed graph G*. Note that both
and its conjugate element A’ must have multiplicity |Gi | /2 as the eigenvalues of G*.
Because the trace of Ag+ is 0, we know that A + A/ = 0. Therefore A = /n for some
n € Nand AQGi = nl. It is natural to consider a signed n-dimensional hypercube Hni
used by Huang’s recent spectacular proof of the sensitivity conjecture [7, Lemma 2.2],
in which every square of Hni contains 1 or 3 positive edges.

Proof of Theorem 1.12(d) For A € {«/5, ﬁ} and p > 22 + 1, from Proposition 7.1 we
know k(1) > 2. In view of Proposition 7.2 it suffices to prove that 2 can be achieved
for k, (1). Consider the signed square H2ﬂE in Fig. 6 and the signed cube Hf in Fig. 4.
In either signed graph, every square contains one positive edge and three negative
edges. As a consequence

A12L1i =nl, forn=2and3,

which implies that the largest eigenvalue of H,f‘ is /n with multiplicity 2"~ !, It is easy

to check that x (H;5) = 3 and x (H5") = 4. Thus k,(v/2) = 2 for p > 3,k,(+/3) =2
for p > 4, and all of them are achievable. O

Remark The constructions H2i and H3i in Figs. 4 and 6 do not generalize for A = \/n
with n > 5 due to the additional constraint on the chromatic number. Suppose that
H¥ is a signed n-dimensional hypercube such that A%{i = nl and x(H%) < oo.
Because A%i = nl, every square of H¥ contains odd number of negative edges.
Because x(H*) < oo, HT has no cycle with exactly one negative edge, and in
particular every square of H* contains exactly one positive edge. Unfortunately, this
puts a great restriction on n. On the one hand, because every positive edge is contained
in n — 1 squares, and each of the 22 (;) squares in H¥ contains a positive edge,
the number of positive edges is at least 2"~2(5)/(n — 1) = n2"~3. On the other
hand, because the positive edges form a matching, there are at most 2"~! of them.
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Fig.7 Hi

Therefore n2"~3 < 2"~! and so n < 4. In fact, in addition to H2i and H;E, the signed
4-dimensional hypercube Hf in Fig. 7 satisfies Ai]i =41 and x (Hf) =4.
4

When k(1) = deg(X), the next result determines k,(A) for all p € N. One can then
derive the corresponding N, g(d) from Proposition 7.2. Note that k(1) = deg(1) if and
only if there exists a graph with spectral radius A whose characteristic polynomial is
irreducible. A result of Mowshowitz [ 13] states that such a graph must be asymmetric?.
Asymmetric graphs have at least 6 vertices. There are 8 such graphs on 6 vertices [5].
Among these 8 asymmetric graphs on 6 vertices, exactly 7 of them have irreducible
characteristic polynomials,? hence their spectral radii satisfy k(1) = deg(}).

Proposition 7.3 If A is an algebraic integer and k(L) = deg(A), then k(1) = deg(})
and is achievable for all p € N.

Proof Clearly k,(A) < k1(X) = k(A). Together with Proposition 7.1, we know that
deg(A) < kp(A) < k(A). Thus if k(X)) = deg()), then deg(A) = k,(A) = k(A),
and furthermore k() can be achieved for k(1) by the smallest graph whose spectral
radius is exactly A. O

Corollary7.4 For -1 < § <0 <a < 1L, set A = (1 —a)/(a¢ — B) and p =
| —a/Bl + 1. If A is an algebraic integer and k()) = deg(}), then

deg(1)d

Ny pg(d) = m

+ Og (D). O

8 Signed Graphs with Large Eigenvalue Multiplicities

In contrast to Theorem 1.5, there exist connected signed graphs with bounded maxi-
mum degree and chromatic number and linear largest eigenvalue multiplicity. In this
section, we show two such constructions. These constructions illustrate an important
obstacle to proving Conjecture 1.11 following the current framework introduced in
[10].

2 An asymmetric graph is a graph for which there are no automorphisms other than the trivial one.

3 It was asserted in [9, Sect. 4] that all 8 asymmetric graphs on 6 vertices have irreducible characteristic
polynomials. However the characteristic polynomial of the asymmetric graph /S22, is x(xd —8x3 —
6x% + 8x + 6).
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Fig.8 Gg
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Example8.1 Let n > 3. Let Gif be the signed graph consisting of (see Fig.8 for an
illustration of G6i)

(1) apositive n-cycle on vy, vy, ..., vy,
(2) n copies of a signed K5 with 3 positive edges forming a K3, and
(3) foreachi € {l1,...,n}, a positive edge connecting v; and ui+, a negative edge

connecting v; and u; , where u;" and u; are the two vertices outside the positive
K3 in the i-th copy of K.

So Gf is a signed graph on 67 vertices of maximum degree 5 and chromatic number
3. However the multiplicity of its largest eigenvalue is linear in |G;F|. Theorem 1.14
is an immediate consequence of the following result.

Proposition 8.2 The largest eigenvalue of G,jf is (v/33 + 1)/2 with multiplicity n.

Proof We denote by K Si the signed K5 with 3 positive edges forming a K3, and we
compute the spectrum of K5jE tobe (1— @)/2, —-1,—-1,1,(1 +\/§)/2. Because the
largest eigenvalue (+/33 + 1)/2 is simple, by symmetry the corresponding eigenvector
assigns the same value to ul+ and u; . For the i-th copy of K Si in G,ﬂf, we can extend

its top eigenvector to a vector x; on V(Gf) by padding zeros. Since.
(Axi)y;, = (xi)ul_+ - (xi)u; =0,

where A denotes the signed adjacency matrix of fo, the vector x; is also an eigenvector
of G$ associated with the eigenvalue (W33+1) /2.

For every vector x € RV(Gni ) that is perpendicular to all x;, 1 <i < n, we claim
that xTAx < 3xTx, and so all the eigenvalues other than the ones corresponding to
X1, ..., X, are at most 3. Take such a vector x, and set U = {uT, Uy, ..., u,‘f u, }
and V = {vy, ..., v,}. We take the orthogonal decomposition x = y + z such that
y and z are supported respectively on V(G,f)\V and U U V. In particular, for every
iefl,...,n},

(y)ul?" = (y)ui_ = % (xu?' +xui_> and (Z)u?' = _(Z)ui_ = % (xu?' _xu._) :

i
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Fig.9 Hg

One can check that yT Az = 0. We can simplify
xTAx =(y+2)TA(y +z) = yTAy + zTAz.

Since x and z are both orthogonal to each x;, so is y = x — z. By the Courant—
Fischer theorem, we obtain yTAy < )Q(Ksi)yTy = yTy.Aszissupportedon UUV,
we bound zT Az by bounding the spectral radius of G,jf[U U V1. Since the chromatic
number of G;-[U U V] is 2, the induced signed subgraph shares the same spectral
radius with its underlying graph, denoted H, on U U V. Notice that the vector that
assigns 1 to U and 2 to V is an eigenvector of H with positive components associated
with the eigenvalue 3. By the Perron—Frobenius theorem, the spectral radius of H is 3.
Thus zT Az < 3z7z. Recall that x = y + z is an orthogonal decomposition. Thus

xAx = yTAy +2TAz < yTy+32Tz2 <3(yTy +z7z) =3xTx. O

Even if we restrict the signed graph G¥ to be all-negative, its largest eigenvalue
multiplicity could still be linear in |Gi | It suffices to construct the underlying graph
G with bounded maximum degree whose smallest eigenvalue multiplicity is linear in
|G|.

Example 8.3 Let n > 3. Let H, be the (unsigned) graph consisting of (see Fig.9 for
an illustration of Hpg)

(1) ann-cycleon vy, va, ..., vy,
(2) n copies of K33, and
(3) foreachi € {1, ..., n}, two edges connecting v; to ull and ul.z, where ul] and ”12

are two adjacent vertices in the i-th copy of K3 3.

So H, isa graph on 7n vertices of maximum degree 4. Moreover, since the chromatic
number of H, is 3, the corresponding all-negative signed graph has the same chromatic
number.

Proposition 8.4 The smallest eigenvalue of H, is —3 with multiplicity n.
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Proof We compute the spectrum of K33 to be 3,0, 0, 0, 0, —3. For the i-th copy of
K3 3, we can extend the eigenvector associated with its smallest eigenvalue —3 to an
eigenvector x; on V(H,) by padding zeros. To prove that all the eigenvalues other
than the ones corresponding to xi, .. ., X, are at least —(1 + x/g), it suffices to show
that xTAx > —(1 4+ +/3)xTx for every vector x € RY(G) that is perpendicular
to all x;, 1 < i < n. Take such a vector x and take the orthogonal decomposition
x = y + z such that y and z are supported respectively on V (H,)\V and V, where
V ={vy, ..., v,}. Because x and z are orthogonal to each x;, sois y = x — z. By the
Courant—Fischer theorem, we obtain yTAy > A5(K33)yTy = 0. We can simplify

xTAx = (y +2)TA(y +z2) > 2yTAz + 7T Az, (11)

where A denotes the adjacency matrix of H,,. Let H be the connected graph consisting
of the n-cycle on vy, ..., v, and two edges connecting v; to ’4,1 and ”12 for each
i € {l,...,n}). Let X be the restriction of x on V(H). Then the right hand side of
(11) is equal to ¥TAx, where A denotes the adjacency matrix of H. Notice that the
vector that assigns 1 + V3o v; and 1 to both ull and ulz foreveryi € {1,...,n}isan

eigenvector of H, with positive components associated with the eigenvalue 1 + V3.
By the Perron—Frobenius theorem, the spectral radius of H is 1 + /3. Thus

xTAx > ¥TAZ > —(1+V/3)%T% > —(1 + V/3)xTx. O
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