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amplitudes in supersymmetric, heterotic and bosonic string theories and to investigate loop-
level echoes of the field-theory double-copy structures of string tree-level amplitudes. The
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1 Introduction

Scattering amplitudes in string theories are derived from moduli-space integrals over punctured
worldsheets of various genera. The integrands are correlation functions in the conformal
field theory on the worldsheet of vertex operators encoding the scattering data. Simplified
representations of these integrated correlators became increasingly important, not only for the



sake of computational efficiency but primarily to unravel elegant structures and relations of
string amplitudes and their field-theory limit. It proved particularly rewarding to decompose
these correlators into basis functions of the moduli using integration by parts in the punctures
along with algebraic manipulations of the integrand.

In n-point tree-level amplitudes of various string theories, the basis of functions can
be spanned by so-called Parke-Taylor factors

1

PT(1,2,...,n) = , Zii = 2 — 2; 1.1

( ) 21,2223+« - Zn—1,n%n,1 Z’J L (11)

depending on n punctures zi1, 22, ..., 2, on a sphere or disk. Permutations of (1.1) in the
external-state labels 1,2,...,n are related by integration-by-parts relations and, as firstly

derived by Aomoto [1], fall into (n—3)!-dimensional bases. The underlying integration-by-parts
relations at genus zero are driven by the universal Koba-Nielsen factor
n
Ty = Tl (12)
1<i<y

which accompanies (1.1) and depends on the inverse string tension o’ as well as the external
momenta k;. Moreover, the Koba-Nielsen factor aligns genus-zero string integrals into
the setup of twisted (co)homologies, see [2-4] and [5-8] for references in the physics and
mathematics literature.

The integration-by-parts relations among permutations of ZU"**PT(1,2,...,n) and related
building blocks of genus-zero correlators have profound implications for field theory, string
theory and mathematics, see [9] for a review: first, they determine the Kleiss-Kuijf [10]
and Bern-Carrasco-Johansson [11] relations among gauge-theory amplitudes [12, 13] and
reduce Einstein-Yang-Mills tree amplitudes to gauge-theory ones [14]. Second, (n—3)!-term
representations of genus-zero correlators reveal field-theory double-copy structures in open-
and closed-string tree amplitudes [12, 15-17] that resemble the Kawai-Lewellen-Tye relations
between gravity amplitudes and squares of gauge-theory ones [18]. Third, in deriving the
o/-expansion of string tree-level amplitudes from the Drinfeld associator [19], the constituting
braid matrices [4, 20] are obtained from integration-by-parts manipulations of genus-zero
correlators with an additional unintegrated puncture.

The variety of tree-level insights resulting from Parke-Taylor bases motivate the quest for
analogous integration-by-parts bases for loop-level correlators. In one-loop string amplitudes,
the correlators on a genus-one surface such as the torus or the cylinder can be expressed in
terms of Jacobi theta functions. In particular, genus-one correlators involve a ubiquitous
uplift of the Koba-Nielsen factor (1.2) including |61 (z.;,7)|** % in the place of |z; j|**i*i,
where 6 is the odd Jacobi theta function depending on the modular parameter 7 of the
surface. The main focus of this work lies on the leftover functions of z;, 7 that accompany
the one-loop Koba-Nielsen factor. These functions may be viewed as one-loop analogues of
the Parke-Taylor factors (1.1) and will be systematically reduced to conjectural bases under
integration by parts and so-called Fay relations among the theta functions. The entirety of
Fay and integration-by-parts relations will be referred to as F-IBP.

Genus-one correlators for massless bosonic, heterotic and supersymmetric string am-
plitudes can be expressed via coefficients f (w)<2i’j,7') of the Kronecker-Eisenstein series



with modular weights w > 0 [21-23]. While specific string amplitudes impose multiplicity-
dependent upper bounds on the weight w of f () "4 recent proposal for F-IBP bases at genus
one [24-26] is built at the level of generating series, i.e. products of Kronecker-Eisenstein
series. The necessity of generating series is plausible by the fact that 7-derivatives effectively
add two units of modular weight, so any bounded collection of f (“’)(zm,T) cannot close
under moduli derivatives.

More specifically, the conjectural genus-one bases of [24-26] are built from chains

Q(z12, 2403+ ... +00, T)QU 223, M3+ ..+, T) o .. Q(Zn—1,05 M0, T) (1.3)
of Kronecker-Eisenstein series Q(z,7,7) = 350, n®~1f(*)(z, ), whose permutations in the la-
bels j = 2,3,...,nof z;,n; yield (n—1)!-component vectors. By isolating different orders in the

Laurent expansion w.r.t. the bookkeeping variables 7; € C, one recovers the combinations of
fw) (2i,j, T) in the integrands of string amplitudes. In particular, correlators in different string
theories reside at different orders in 7;, e.g. integrands for bosonic string amplitudes are typi-
cally found at four subleading orders in 7; as compared to their supersymmetric counterparts.

Under 7-derivatives, the vector of Koba-Nielsen integrals over chains (1.3) obeys a
first-order differential equation of KZB type. The homogeneity of this equation not only
substantiates the claim that the (n—1)!-vectors of chains yield a Koba-Nielsen integral basis
but also leads to powerful techniques to extract the o/-expansions of configuration-space
integrals at genus one: based on the solution of the respective KZB-type equations via Picard
iteration, the elliptic multiple zeta values in the expansion of open-string integrals [22, 27]
are determined in terms of iterated integrals over holomorphic Eisenstein series [24, 25].! In
the closed-string case, similar first-order equations [26] and their perturbative solution [30]
clarified the relation between modular graph forms [31, 32] and iterated Eisenstein integrals.
This in turn paved the way for identifying modular graph forms [33] with Brown’s equivariant
iterated Eisenstein integrals [34, 35]. In view of these mathematical developments, it is a
burning question if the closure of the chains (1.3) under 0, is merely a coincidence or really
identifies an F-IBP basis at genus one.

Instead of attempting a mathematically rigorous proof, we gather further evidence
for (1.3) to form a basis by decomposing cyclic products and more general arrangements of
Kronecker-Eisenstein series into the chain form. In this way, we not only add further credence
to the conjectural basis but also arrive at practical tools to

o simplify the genus-one correlators in heterotic- and bosonic-string amplitudes (say
converting their cycles of f (w)(Zi,j,T) into chains) and set the stage to investigate
physical interpretations of the basis coefficients,

» reduce the o/-expansions of genus-one integrals with Kronecker-Eisenstein integrands
beyond the chain form to the all-order results of [24, 25, 30] and thereby facilitate the
computation of low-energy effective couplings in heterotic and bosonic string theories.

The explicit basis decompositions in this work via F-IBP relations generalize the tree-level
computations in [14, 36-38] and should be useful in placing the (n—1)!-bases on rigorous

'See [28] for an alternative method to obtain the o’-expansion of open-string integrals at genus one from
elliptic associators and [29] for its reformulation in terms of generating series.



footing. It would be exciting if the expansion coefficients in our basis decompositions can be
interpreted as suitable generalizations of intersection numbers which need to accommodate
differential operators in the bookkeeping variables n; [24, 25, 30].

While the original motivation for this work arises from conventional string theories
with infinite spectra, our results can be exported to both ambitwistor strings [39, 40] and
chiral strings [41, 42]: as for instance discussed in [37, 38, 43—45], the integration-by-parts
manipulations of moduli-space integrands can be smoothly translated between these types
of string theories (possibly involving a formal o/ — oo limit). It is also conceivable that
our results shed further light on massive loop amplitudes in conventional and chiral string
theories as done at tree level in [46] based on Parke-Taylor decompositions.

The computation of closed-string loop amplitudes greatly simplifies in the framework of
chiral splitting [47, 48]: the introduction of loop momenta reduces closed-string correlators
to double copies of meromorphic open-string building blocks known as chiral amplitudes.
However, F-IBP simplifications of chiral amplitudes are more subtle than those of the
manifestly doubly-periodic f (“’)(zm, 7)-integrands that arise after loop integration. Certain
total derivatives in the punctures of chiral amplitudes may integrate to non-vanishing boundary
terms in a closed-string context. We will discuss the role of these boundary terms in the
quest for a chiral-splitting analogue of the (n—1)! genus-one bases of f (“’)(zi,j, 7)-integrands.

A Mathematica implementation of our results as well as chain decompositions of more
general classes of genus-one string integrands can be found in a companion paper [49].

Outline. The present work is organized as follows: the conjectural chain bases of genus-one
integrals and their building blocks are reviewed in section 2. We then reduce a single cycle
of Kronecker-Eisenstein series to combinations of chains, with a detailed discussion of the
two-point case in section 3 and the n-point generalization in section 4. In section 5, the
results and techniques are reformulated in the framework of chiral splitting, with a discussion
of boundary terms beyond an (n—1)! basis. Section 6 is dedicated to basis decompositions
for products of two or three cycles of Kronecker-FEisenstein series. We present our conclusions
and provide an outlook in section 7. Additional examples relevant for applications to specific
one-loop heterotic-string amplitudes can be found in appendix A, and intermediate steps
for the reduction of double cycles are given in appendix B. Moreover, the reader is referred
to section 2.3.5 for a more detailed outline of this work.

2 Review, notation and conventions

2.1 Basic definitions

One-loop string amplitudes are computed from moduli-space integrals over correlation func-
tions of certain worldsheet fields that carry the external-state information. All the dependence
of these genus-one correlators on the punctures z € C and modular parameter 7 € C with
Im7 > 0 can be deduced from the Kronecker-Eisenstein series [50]

_01(0,7)01(z+n, T)
F(zm,7) = 01(z,7)01(n,7)

(2.1)



where the standard odd Jacobi theta function with ¢ := exp(2mir) is given by

01(z,7) = 2¢'/® sin(7z) H (1—-4") (1 — q”e%iz) (1 — q"ef%iz) . (2.2)
n=1

Based on a non-holomorphic admixture in the exponent of [51]

I
Q(z,m,T) == exp <2m'77 Imz> F(z,n,7), (2.3)
mrT

we attain a doubly-periodic completion of the meromorphic Kronecker-Eisenstein series (2.1)
subject to Q(z,n,7) = Q(z+1,n,7) = Q(z+7,7n, 7). Laurent expansions in the bookkeeping
variables 1 € C define Kronecker-Eisenstein coefficients ¢(*), f®) with w € Ny,

(2,0, 7 Z 7" g™ (z,7)  and (2,7, 7 Z "z r), (24)

for instance g0 (z,7) = fO(z,7) = 1 as well as ¢ (z,7) = 9. logb1(z,7) and (2, 1) =
(1)(,2 T) + 2mig Imz . While the meromorphic ¢g(*) feature B-cycle monodromies generated by

F(z+71,n,7)=¢ 27”'77F(z, n,7), the doubly-periodic f(*) have non-vanishing antiholomorphic

derivatives?
6 ™ 8 (w) (w 1)
829(2,77,7) o EmnT) = 557 (2,7) I Tf (z,7), w=>1. (2.5)

Laurent expansion of (2.3) relates the two types of Kronecker-Eisenstein coefficients via

w w

Vk
Z (w g (277—) ) f(w)(zﬂ—) = Z Eg(w_k) (2,7), (2.6)

= k=0

with v = 2miy Imz . Tterated integrals of the ¢(*) and f(®) give rise to different descriptions

of elliptic polylogarithms [22, 51, 52] which had dramatic impact on recent developments
in both string perturbation theory [53] and particle physics [54].

2.1.1 Holomorphic Eisenstein series

Evaluating the f(*)(z,7) at the origin produces holomorphic Eisenstein series

1
Gu(r) = > e = =fM0), w=z4 (27)
(a7 (0.0) (M7 T 1)
of modular weight (w,0), represented via absolutely convergent double sums over integers
m,n if w > 4. While the analogous z — 0 limit of f®)(z,7) is ill-defined, we will later
encounter a non-holomorphic but modular variant of the weight-two Eisenstein series
Ga(1) = l1_r>r(1) Z

(m,n)#(0,0)

The factor of |[m7+n|~% is necessary for absolute convergence of the double sum, and the

! = () — (2.8)

ImTt

(m7 +n)? |m7 +nl|*

meromorphic counterpart Go(7) of Gg(r) is defined through the Eisenstein summation
prescription

Go(7) == lim lim Z Z (2.9)

M%ooN%oo mT+n
=—M n=

2Delta-function contributions to antiholomorphic derlvatlves (2.5) and Zg @z, 1) = 2 F(z,n,7)=0are
not tracked in this work.




2.1.2 Properties of the Kronecker-Eisenstein series

The Kronecker-Eisenstein series as well as its doubly-periodic completion satisfy the an-
tisymmetry property

F(_Zv _7777-) = _F(ZanaT)a Q(_Za _7777-) = _Q('Z’T/vT) (210)
as well as Fay identities

F(217U17T)F(Z2777277) = F(Zl7771+77277—)F(z2_Z177727T) +F(Z27771+77277_)F(Z1_22777177—)7

(2.11)
which hold in identical form for F(z,n,7) — Q(z,n,7) and can be thought of as quasi- and
doubly-periodic generalizations of the partial-fraction relation zilzj- = ziiz]- (% — z%)

By carefully taking the limit z; — z and zy3 — —z in (2.11), one can derive the following
identities

F(Z’nlvT)F(_Z777277—) = F(Z7T]1—772,T)(g(1)(7]2,7') - 9(1)(771a7)) + 8ZF(27771_772)7 (212)
Q(Z,’I’]l,T)Q(—Z,T]Q,T) - Q(Zﬂ?l_ﬁ% T) (g(l)(TIQ)T) - Q(l)(nlﬂ')) + 829(27771_772) ) (213)

where the main difference between the meromorphic and the doubly-periodic case concerns
the Eisenstein series Go(7) or Go(7) in the expansions

1 =
g, 7) = 0y logb1(n, 7) = 0 nGa(7) = > _ 0" Gal(r), (2.14)
n=4
~(1) — 9 log 6 ™ _l_ G — 3 n—lag 2.1
g0, 7) = Oylogbr(n,7) + 1 = — = nGa(r) = 30" Ga(7) . (2.15)
mrT n et

One can employ the 7;-expansions of (2.12) and (2.13) to rewrite derivatives 9,9 (z,7)
and 8, f)(z,7) in terms of bilinears in undifferentiated Kronecker-Eisenstein coefficients
and Eisenstein series. Similar rewritings of 9.9 (z,7) and 9,f®)(z,7) can be attained
from the expansion of

0.F(z,n,7) — OpF (z,m,7) = (g(l)(n,T) — g(l)(z,T))F(z,n, 7), (2.16)
2.z, n,7) — 0z, m, ) = (g(l)(n,T) - f(l)(z,T))Q(z,n,T), (2.17)

which straightforwardly follow from the definition (2.1). Upon isolating fixed orders in 7,
we obtain identities such as

0:f W (z,7) = 21O, 7) = (fV(z,7)" = Gal) (2.18)
and more generally
-1 (2,7) = () fHD (2, 7) = f (2, 1) f D (z,7) (2.19)
— Go(r) @ (z,7) — wf G f (2, 7).
-}



2.1.3 Shorthand notation

Since the main results of this work concern configuration-space integrals over several punctures

Z1, 29, ..., it will be convenient to use the shorthand notation
9j = 8azj’ gz(]w) =g (2—2;,7), fz(]w) FO z—z5,7), (2.20)
and similarly
Fij(n) = F(zi—z;m.7),  Qij(n) = Qzi—z,n,7). (2.21)
In this notation, (2.16) and (2.17) for instance take the alternative form
0iFij(n) = QU Fij(n) + (91(n) + 0p) Fi5(n) , (2.22)
0:92;(n) = — £ (n) + (91(n) + 8,)Qu;(n) (2.23)

where fixed orders in 7 allow to eliminate 8iggu) and 0; fi(;u) in favor of undifferentiated
Kronecker-Eisenstein coefficients, cf. (2.19). Similarly, the expansion of the Fay identity (2.11)
in n1, 72 yields quadratic relations involving three points z1, 29, 23 [22]

n m+n) - 1+.7 ] m+j
f1(2)f2(3 *—f1 " Z ( j ) 1(3 )2(3 ) (2.24)

i < -1 +J> (m=3) (n+3)
13 12

=0 J

which hold in identical form for fi]q-“” — gl(j ),

2.2 The structure of one-loop string amplitudes

Open-string n-point amplitudes at one loop descend from worldsheets of cylinder- and
Moebius-strip topologies with modular parameter 7 and punctures z; on the boundary,

An = Z C’top /

top Dz—op

G

(Im )2

/d22 dzn TP (24,7, ki) KP(F™) 7, ks -+ ), (2.25)
top

see [55] for the color (or Chan-Paton) factors Ciop as well as the associated integration

domains D{,, and Dg,, for 7 and z;. The exponent of Im 7 depends on the number D of

top
spacetime dimensions, and the contributions Z°P and K P to the n-point integrands depend
on the moduli 7, z; as well as the momenta k; and polarizations ¢; of the external legs.

Closed—string one-loop amplitudes in turn are given by

M, —/ / d*z ... d%z, T (21,7' k; )KCl(f(w f) ki € €iy-0),  (2.26)
(2ImT)2 7| d,uC'

U

where the modular parameter 7 of the torus worldsheet is integrated over the fundamental
domain § of SLg(Z). The punctures za, ..., z, are integrated over the torus ¥, parametrized
by the standard parallelogram with corners 0,1,7+1,7 in the complex z;-plane depicted
in figure 1. The contribution K¢ to closed-string integrands depends on two species of
polarizations €; and €; associated with left- and right-moving worldsheet degrees of freedom.

Although we fixed z; = 0 using translation invariance on open- and closed-string
worldsheets at genus one, we shall keep z; generic throughout this work.



Im(z) . I_Z
T / T+1 R
/
B-cycle
1
0 7 » Re(z)
A-cycle

Figure 1. The parametrization of the torus worldsheet ¥, through a parallelogram where the
non-contractible A- and B-cycles are taken to be the path from the origin to 1 and the modular
parameter T, respectively.

2.2.1 Koba-Nielsen factors Z,

In the integrands of both open- and closed-string amplitudes (2.25) and (2.26), we separate
universal Koba-Nielsen factors

" ™
Igp = I,gp(zi,T, k‘z) ‘= exp (— Z Sij [log |91(2ij77_)| — 7Im7' (Im Zij)2] ) s
1<J

" 2w
Ifll = IZI(ZZ',T, ki) == exp (— Z Sij [log \Hl(zij,7)|2 ~Tmr (Im zij)Q] ) , (2.27)
1<J

from theory-dependent factors K and K¢ to be described below. Our conventions for the
dimensionless Mandelstam invariants are fixed by,

1/2: tri
sij=—ki ki, Siigir=— Y ki, ki, o/:{ / + open SN, (2.28)
1<peq<r 2 : closed strings.

We will study the Koba-Nielsen factors (2.27) at independent values of all the sj; = s;; with
1 <i < j < n even though the amplitudes (2.25) and (2.26) are eventually evaluated on the
support of on-shell conditions for k]2 and momentum-conserving delta functions.? In this
way, Koba-Nielsen factors at n = 2 and n = 3 points are taken to depend on one variable
s12 and three variables {si9, s13, s23}, respectively.

2.2.2 Theory dependent integrands K,

The theory-dependent open- and closed-string integrands K°P and K< carry the entire
polarization dependence of the amplitudes (2.25) and (2.26), and the main goal of this
work is to provide tools for their systematic simplification. As a key result of [21-23], their

3For massless two- and three-point amplitudes, momentum conservation together with the on-shell conditions
k7 = 0 would enforce all the s;; to vanish. Starting from [56], it proved convenient to relax momentum
conservation and on-shell conditions in intermediate steps of studying string amplitudes.



dependence on the punctures in massless amplitudes of type I, type II and heterotic theories*

is entirely expressible in terms of the Kronecker-Eisenstein coefficients f(®) reviewed in
section 2.1. Closed-string integrands K¢ may additionally feature powers of - due to
Wick contractions between left- and right-movers. Hence, the theory-dependent mtegrands
take the schematic form

K = 2°(r,D,...) 3" N (e;, ky) (ffﬁi)fg“;) - ) : (2.29)
c c 0 k1) r r
Kl A 1 7' D,. ZZN €, €, K (IIHT) (fl(ljll fzzjz ’ )( zg1<111fp23% ) ’

where the numerators N°P(e;, k;) and N (e;, €, k;) separate the polarization dependence
from the moduli z;, 7. In heterotic or bosonic string amplitudes as well as (toroidal or
orbifold) compactifications, one additionally encounters z;-independent partition functions
ZP(1,D,...)and Z°(r, D,...). The latter depend on the number D of spacetime dimensions
and compactification details if D < 10 such as radii of circular dimensions or twist parameters
of orbifolds, see for instance [60].

The structure (2.29) of genus-one integrands KSP and K¢ is established for massless
external states, but expected to also capture one-loop amplitudes of massive modes.

2.3 One-loop string integrals and their F-IBP relations

In order to simplify the Koba-Nielsen integrals over the expressions (2 29) for K% and K¢,
it is essential to minimize the number of independent products fZl i fl(f; ... of Kronecker-
Eisenstein kernels. To some extent, this can be achieved via algebraic identities at the level of
the integrand such as Fay relations (2.24) or the removal of z;-derivatives of fi(jw) via (2.19).
However, the main driving force for reductions of open- and closed-string integrands (2.29) to
a basis is integration by parts to be reviewed in this section. We reiterate that the entirety of

integration-by-parts relations and Fay identities will be referred to as F-IBP.

2.3.1 Koba-Nielsen derivatives and IBP relations

The integration domains Dsep, in open-string amplitudes (2.25) only leave one real degree
of freedom for each modulus z; and 7. Accordingly, there is no separate reference to their
complex conjugates z; and 7 as in the closed-string setting (2.26) where the integration
domains § and ¥, have two real dimensions. We can therefore write the derivatives w.r.t.
punctures z; of both Koba-Nielsen factors (2.27) in the unified form

o1, = —<Z ﬂﬁm‘)Iﬁ Cmg = sl (2.30)
JFi

with derivatives 0; in the sense of real analysis for ¢ — op and holomorphic derivatives 0;
(as opposed to J; = %) in case of e — cl.

4The analogous decompositions of n-point one-loop integrands in orbifold compactifications with reduced
supersymmetry to combinations of f(*) are discussed in [57] building upon earlier results in [58, 59]. For
bosonic strings, the KSP and K< at genus one straightforwardly boil down to derivatives fij ) and 0; fi; SO

the bosonic Green function.



In the context of open- and closed-string amplitudes (2.25) and (2.26), total derivatives 0;
w.r.t. the punctures typically act on the z;-dependence of KSP and K¢ besides the respective
Koba-Nielsen factor. These two types of contributions are gathered in the notation

n 1 .
Vip = 0;jp — < E xi,j)‘P = fai(wzn) ; (2.31)
i n

for arbitrary contributions ¢ = ¢(z;,7) to open- or closed-string integrands (2.29). The
images of these operators V; integrate to zero within both open- and closed-string settings,

/ dpg? TP Vip = 0 = / T A (2.32)
Dz, s

which relies on the following two salient points:

(i) Both Z and the ¢ of interest descend from correlation functions on the torus and are
therefore doubly-periodic under z; — z;+1 and z; — z;+7. As will be illustrated in
section 5.1, this is particularly important in a closed-string context.

(ii) The Koba-Nielsen factors Z° and Z¢' exhibit local behaviour |z; j| =9 and |z; ;|~2%9
when pairs of punctures z;, z; collide. Upon analytic continuation to the kinematic
region where Re(s;;) < 0, boundary terms z; — z; are suppressed (and similarly
2 — zj +m7 +n for m,n € Z by double-periodicity).

Since the images of these total derivative do not contribute to open- and closed-string
amplitudes (2.25) and (2.26), we identify

Vip = 0ip — (Zaz”)ap =0, Vdoubly periodic ¢(z;,7) (2.33)
JFi

in the simplification of K2 and K¢'. Note that the operator V; does not obey the Leibniz
rule known from 0; but instead acts on products via

Vilp1p2) = (Viv1)p2 + ¢10i(p2) = (9ip1)p2 + ©1Vi(pa) - (2.34)

On the other hand, two operators V; and V; are easily checked to still commute with
each other,

(ViV; = V,;Vi)p = ¢(0;i+0)x;; =0, fori#j. (2.35)

2.3.2 Conjectural bases of genus-one string integrals

It is conjectured in [24, 25] that any n-point open-string one-loop integrand relevant to
KPP in (2.29) can be lined up with an (n—1)!-basis of generating functions. The latter are
composed of products (1.3) of doubly-periodic Kronecker-Eisenstein series (2.3),

QlZ-A-n = Q12(7723...TL)QQ3(773...71) cee Qn—l,n("?n) s (236)
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n 723...n n3..n Mn
Ql](n) = e—o — QlQ---n Y e— o & ------ ———— @
Z; Zj Z1 Z9 z3 Zn—1 Zn

Figure 2. Graphical representation of Kronecker-Eisenstein series €;;(n) = Q(z;—2;,n,7) and their
products Q1s...,, in the integrand (2.36) of the conjectural chain basis (2.38) of open-string genus-one
integrals.

and the (n—1)!-counting arises from permutations in the labels i = 2,3,...,n of z; and 7;.
In contrast to the differences z; j = z;—z; of the punctures, the multi-index notation for the
n—1 bookkeeping variables 73,73, ...,n, in (2.36) refers to the sums

Nijok =N +1;+ ...+ 0. (2.37)

As illustrated in figure 2 we visualize each factor of Q;;(n) = Q(z;—z;,n, 7) through an edge
connecting vertices z; and z; for the punctures. The first arguments z12, 223, ..., 2n—2n—1
and z,_1,, of the products in (2.36) then lead to a chain structure akin to the Parke-Taylor
factors (1.1) in an SLo-frame, where one of the punctures on a genus-zero surface is mapped
variables 7 that can be attributed to the edges in figure 2. For a given tree-level graph, the

to co. In contrast to the genus-zero kernels z;.", the €;;(n) depend on additional bookkeeping
combinations (2.37) of n; for each edge can be determined from the rules in section 4.1 of [29].
The (n—1)!-element set of configuration-space integrals [24, 25]

ZI(top|as, -+, an) = / AP I Ry o, (2.38)
top
with permutations ag, as, ..., a, of 2,3,...,n is claimed to generate the T-integrands of open-
string amplitudes in (2.25) upon expansion in 72,73, ..., N,. For open-superstring amplitudes
that preserve 16 or 8 supercharges, the configuration-space integrals (2.25) typically occur
at homogeneity degrees 773'_4 and 17]-_2 relative to those of open bosonic strings [22, 23, 57—
59, 61, 62]. Nevertheless, the study of o/-expansions for any number of supercharges is greatly
facilitated when studying complete generating functions (2.38) and their differential equations
in 7 instead of the component integrals at fixed orders in n; [24, 25].
Similarly, any closed-string one-loop integrand K¢ is conjectured to be generated by
linear combination of products Q1asas--an, 21,856, [26], with complex conjugates

Qi = Q2(m23.n)23M3.0) -+ Yo—1.0(Mn) - (2.39)

More precisely, the (n—1)! x (n—1)! matrix of generating functions

YF@18)= [ T Ry, Qs s, (2.40)

T

indexed by two independent permutations o = ao,...,ay and = Fa,..., 8, of 2,3,...,n is
claimed to contain any closed-string configuration-space integral in (2.26) upon expansion in
the 2n—2 bookkeeping variables 7; and 7;. Closed-string integrands in type II, heterotic and
bosonic theories are again encountered at different orders in 7; and 7); since the simplifications
from spacetime supersymmetry typically cancel the contributions from higher orders in
the 7, n-expansions.
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The main goal of this paper is to validate the above conjectural bases (2.38) and (2.40)
by reducing infinite families of non-trivial examples to linear combinations of ZZ(top | )
and Y7 (a| ). More specifically, we will spell out the explicit form of the (n—1)! reductions
for generating functions of genus-one integrals where the graphical representation of the
Kronecker-Eisenstein arguments z; j in figure 2 features cycles instead of the chains in (2.36).

2.3.3 Shuflle relations from Fay identities

The permutations of €;9...,, in (2.38) single out the first puncture z; to reside at the end of the
chain structure of the product in (2.36). Similarly, the bookkeeping variables 12,73, ..., 7,

related to the punctures 2o, z3, ..., 2, via 8gj912...n = %912..% exclude 7;. One can refer
to all pairs (zj,7;) with j = 1,2,...,m and all the m! permutations of the ordered set

a = ajag - apy on an equal footing by introducing n; through the delta function in the
following more general definition of €2,

m m—1
Qoiasam = 5(2 77011') H Qo it (77041-“ o) - (2.41)
i=1 i=1
Here {ay, g, -+, au} could be any subset of {1,2,--- ,n} with two or more elements. When

a1 = 1 and m = n, the above generalized definition reduces to the original one (2.36). As a
particular virtue of the definition (2.41), the antisymmetry property (2.10) of the individual
Kronecker-Eisenstein factors translates into the reflection identity

Q. = (-1)l-1q, (2.42)
of the chain product for any ordered set a = ajaz. .., with |a| elements and reversal
al = Qlq| - - - 1. Moreover, iterations of the Fay identities (2.11) among pairs of Kronecker-

Eisenstein factors imply the following chain identities
Qa,i,ﬁ = (_1)|alﬂi7aTQi,ﬁ = (—1)‘04 Z inl” (243)
peaTwp

which resemble Kleiss-Kuijf relations of gauge-theory tree amplitudes [10] and only leave
(m—1)! out of the m! permutations of Q4,ay.-a,, independent [25, 26, 29]. The shuffle aw of
ordered sets «, § in the summation range of (2.43) gathers all permutations of the composed
ordered set a8 that preserve the order among the elements of @ and 5. The simplest two-
and three-point examples of (2.42) and (2.43) are

Qo = -1, Qo3 = Q301 (2.44)
Q213 = —Q12(n2) Q3(n3) = —Q12(123)Q23(n3) — Q13(1723)32(n2) = — Q123 — D132

Note that the chain identities (2.43) following from iterated Fay identities can be equivalently
written as

Z szoa VQ757£® (245>

pEawif

Based on (2.43) or (2.45), any product of n—1 Kronecker-Eisenstein series whose first
arguments z; ; form a tree graph can be reduced to the conjectural (n—1)! chain basis (2.38),

— 12 —



see e.g. appendix E of [26] or section 4.1 of [29]. Upon Laurent expansion in the 7;.; variables,
this implies algebraic rearrangements of the Kronecker-Eisenstein coefficients fi(;u) in the
open- and closed-string integrands (2.29). These simplifications terminate in the chain basis
of fl(fxg) 0(22023 . é’i@;g)n with z; at one end without any need for integration by parts (2.33)

provided that the starting point already had the structure of a tree graph.

2.3.4 Kronecker-Eisenstein cycles

The main target of this work for F-IBP reduction into the conjectural chain bases are
Koba-Nielsen integrals over cyclic products of Kronecker-Eisenstein series. The explicit basis
reductions of the associated cycles of coefficients fi(jw) can then be obtained as corollaries
upon 7-expansion.

In order to set the stage for the products of cycles in section 6, we define cycles

m
Cltzom)(©) 1= 5 3 ) Qa2 123m + )02 hn+) -+ Vot (1 +€)Ba (€) (240
i=1
for general multiplicities 2 < m < n. Already for a single cycle at m = n, the reduction
to products (2.41) of chain topology is beyond the reach of algebraic manipulations due
to (2.10) or (2.11) and calls for integration by parts.
The m factors of €;; in (2.46) are associated with m independent bookkeeping variables
which can be taken as 79, ...,7m,& on the support of the delta function. The arguments of
the individual factors ;_1 j(n;..m+E) in (2.46) are chosen such as to

e attain simple transformation properties under cyclic shifts and cycle reversal

C12.m)(§+m) = C(23..m1)(§) , (2.47)
C(12.--m)(*f) = (*Umc(m...m)(f)a

where the relabelling C(13....;) = C(23...m1) affects both the z; and 7;

« preserve the antiholomorphic differential equations of the chains (2.41),

N, TN, )
0z, C(12..m) (&) = ﬁc(m-..m)(@ < 0z, Q9.m = ﬁﬂlz---m, V1<j Sg;@)

At two points, for instance, we obtain C19)(&§) = 0(112)Q212(n2+£)Q221(§) such that 7y = —m
brings the cyclic image into the form Cia1)(§) = C(12)(§+m1). The reflection properties in
turn specialize to C21)(—§) = 6(112)Q21(m—E§)212(—&) = C12)(§)-

As will be detailed in the next section, the main results of this paper are explicit F-IBP
decomposition formulae for single cycles C{ys...,)(§) or products C(i...5(§1)Ci41..5)(§2) - - -
into the conjectural chain basis of (2.38). The reductions will be performed in an open-string
context, i.e. in absence of complex-conjugate Qij, but can be easily adapted to closed strings:
first, the reduction formulae in later sections will track the Vj-derivatives (2.33) discarded in
this process. Second, the additional IBP contributions in presence of chains or cycles of Qij can
be straightforwardly inferred from the complex conjugates of the differential equations (2.48).

Note that the breaking of an n-point cycle C(js...,y(§) via F-IBP will resemble the
genus-zero IBP reduction [14] of products of two Parke-Taylor factors (1.1): the SLo-fixing
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of one puncture at genus zero to z; — oo breaks one of the Parke-Taylor cycles. In a
graphical representation of zigl by edges as in figure 2, the z; — oo fixing at genus zero always
reduces the loop order by one. Similarly, the basis reductions of k genus-one cycles C(. (&)

necessitate F-IBP identities of the same combinatorial complexity as those for genus-zero
reductions of (k+1) Parke-Taylor factors [37, 38].

2.3.5 A more detailed outline

In the subsequent sections of this paper, we start with the F-IBP reduction of the two-point
cycle C13) (&1) in section 3 to illustrate the key ideas in breaking cycles of Kronecker-Eisenstein
series. Section 4 culminates in an elegant closed formula (4.40) for the breaking of a single
length-m cycle, with numerous further details and intermediate steps up to six points. A
parallel derivation of a formula to break any meromorphic Kronecker-Eisenstein cycle in
the chiral-splitting framework is given in section 5.

More complicated cases of doubly-periodic integrands including products of cycles C(__ ) (&)
can be reduced to the conjectural chain basis by repeated applications of the single-cycle
formula (4.40). In section 6, we show a first non-trivial application of the iterative procedure
to break a product of two cycles of arbitrary multiplicities m1, mo and spell out all examples
up to and including mi+meo = 6. For the iterative breaking of three or more cycles, it is
convenient to introduce additional combinatorial tools including labelled forests to organize
the results in a compact way. Simple examples of triple cycles at low multiplicities can be
found at the end of section 6 while we refer the readers to a companion paper [49] for F-IBP
reductions of arbitrary numbers and multiplicities of cycles.

3 Warm-up at two points

In this section, we discuss the simplest case of F-IBP reductions and demonstrate the breaking
of a length-two cycle C(12)(§) = Q12(n2+£)Q01(§) in (2.46) as a warm-up example. According
to the coincident limit (2.13) of Fay identities, we have

C2)(§) = 2(n2) (Q(l)(ﬁﬁ) - ﬁ(l)(anr&T)) — 02Q12(12) (3.1)

with §(1) defined by (2.15). In presence of n-point Koba-Nielsen factors (2.27), the zo-
derivative in the second term of (3.1) can be rewritten as

(0212(n2)) Iy, = O2(Qu2(m2)Z3) — Q2(m2) (02Z7) (3.2)
= (—812f1(§) + 3 soifst) + 32) (Q2(m2)Zy) ,
i=3
where @ may refer to either open or closed strings. Together with the algebraic identity (2.23)

to rewrite fl(é)ng(ng) = 0oQ2(n2) + (g(1>(n2) + Oy, ) 2(n2), this can be solved for the
derivative 028212(n2),

(14 s12)(928h2(n2)) Iy = (Zn: soifsy) — 512(30 (1) + 0y,) + 82) (Q2(m2)Zy)  (33)
=3
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and insertion into (3.1) yields the desired reduction identity

1
1+ 512

X (812% — 5 (n2) + (1+s12) v1 (2, € ZSQZfQZ ) Qu2(m2)Zy) -

C(lZ)(f)I;L = (3.4)

We will use the shorthand v;(n, &) for the elliptic function of two variables
vi(n,€) == M () + ?/(1)(5) - §(1)(n+£) = 9(1)(77) +91(€) = gV (n+¢)
— l 1 + i e Z ntek—1- (3.5)
n e +€ = ’
which is ubiquitous to the generalizations in later sections. We shall furthermore introduce

Myy(§) = <8123n2 — WD) + (1+512)U1(7727§)) Q12(n2) (3.6)

for the contribution from the two-point chain ©12(72) and employ the extended derivative V;
in (2.31) to rewrite (3.4) without explicit reference to the Koba-Nielsen factor,

1
1+ s19

Ca2)(§) = (Mm(ﬁ) — Qi2(n2) zn: suifs)) — V2912(772)> : (3.7)
=3

In applications to closed-string integrands (such as (3.10) below), the cycle C(19)(£) may
be multiplied by additional ze-dependent factors. That is why the Va-derivative in (3.7) is
tracked, and one may still drop it in simplified situations without further zo dependence.
The first two terms ~ Mi2(§) and ~ Qj2(n2) in (3.7) are considered as accomplishing the
reduction to a chain basis since

« each contribution to M72(§) in (3.6) is a z;-independent linear operator (multiplication
or ny-derivative) acting on the chain-basis element Q12(72) — said operators can be
pulled out of the integral over the punctures z; in one-loop string amplitudes,

o the products of Qy2(n2) with the extra terms 32if2(l-1) in case of (n > 3)-point Koba-
Nielsen factors do not feature any loops in the sense of figure 2 — there merely realize
specific components in the n-expansion of higher-point chains €219;.

3.1 Connection with the two-point chain basis
We shall now employ (3.7) to illustrate the role of the open- and closed-string integrals Z% and
Y7 in (2.38) and (2.40) as a two-point basis. This specializes the Koba-Nielsen factor to n = 2

and removes the sum over sg; f2(l1 ) from (3.7). Its corollary in the open-string setting of (2.25) is

1

| 2T Cla(© = 1 [ dn TP M) (33

(51200, — 3V (12)
1+ 519

top

+v1(nz,€)> Zp,(top|2),
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where the coefficient of the basis integral Z7 is a differential operator in the bookkeeping
variable 72. Similar operator-valued coefficients of the conjectural (n—1)!-basis integrals (2.38)
were encountered in the 7-derivatives of Z7 and Y determined in [25] and [26], respectively.

In an application of the cycle reduction (3.7) to the closed-string setting (2.26), the

Vo-term turns out to be essential: in presence of a complex conjugate integrand Q;2(12), we
obtain an additional contribution from the IBP relation

Q12(72) V2 (Q12(m2)) = Va(Q12(72)Q12(n2)) — Q2(n2)02(Q12(n2)) (3.9)

due to (2.34) and find

. 1 . -
/ d*2 T C(12)(€) Q2 (12) = d*2, I3 (Mlz(f) Q12(n2) + Q12(12)02 (912(772))) ;
T, 1+ s12 Jg,
(3.10)
since only the first term Vo (Qi2(12)Q12(n2)) in (3.9) integrates to zero. With the derivative

T2

02(Q2(m2)) = 722M2(n2) in (2.5) intertwining left- and right-movers, this gives rise to

'r] .
the last term ~ ImQT in

2. el (51205, — 3" (n2) T2 .
/3:7— d ZQIZ C(12)(§)912(T/2) - ( 1+ 10 + UI(TIQ:E) =+ ImT(l + 512) Yn2(2 ’ 2) :
(3.11)

The 79-expansions of (3.8) and (3.11) are readily obtained from those of (1) (1) in (2.15) and
its doubly periodic combination v;(n,£) in (3.5). Upon insertion into (3.8) and (3.11), these
expansions generate F-IBP reductions of Koba-Nielsen integrals over products of coefficients
f{];” fl(SZ) that may appear in open- and closed-string integrands (2.29). In both cases, we
encounter denominators 14s;2 that signal tachyon propagation in applications to bosonic
string amplitudes and occur in the analogous integral reductions at genus zero [14, 36-38].
In applications to heterotic or supersymmetric theories, such factors of (14+s12)~! do not
translate into poles of the amplitude, either by the zeros of the accompanying torus integrals
or by factors of 14515 in the associated numerators N°P, N in (2.29).

4 Breaking of single cycles at arbitrary length

In this section, we develop a general method to break a single cycle C(ja...,,)(§) in (2.46) of
arbitrary length m and spell out the coefficients in its F-IBP decomposition into (m—1)! chain
integrands Q1a,a5.-a,, i (2.36). The accompanying Koba-Nielsen factors ZP, ¢ in (2.27)

are kept at independent multiplicity n > m to make the results of this section applicable
to the breaking of multiple cycles in section 6 and [49].

4.1 Length-three cycles

We start by adapting the key ideas in the two-point example of section 3 to length-three
cycles C193)(§) = Q12(n23+8)Q23(n3+£)231(€). Apart from chain integrands such as Q123 =
Q12(n23)Q23(n3) in the final formula (4.18) below, we will encounter the following z;-derivatives
in intermediate steps,

03123, 0232, 023, 0302132 (4.1)
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(1) ~N e—— o9
fa3' fhas = Z1 M3 Z2 M3 23

1 o
£ al) = 24— e :

(1) ~ o—o—o
fig fhas = 21 M3 Z2 M3 23

Figure 3. Examples of f-Q cycles at length two and length three. Factors of ;;(n) and fi(jl) are
represented by solid and dotted lines between vertices z; and z;, respectively.

which fall into two pairs under relabellings (z2,72) > (z3,73) such as 92§23 = 839123|2(_>3.
Hence, the main task is to derive a system of F-IBP identities to solve for all of C{;93)(§)
and the four derivatives in (4.1) in terms of Q123 and ;32 without any z;-derivatives.

4.1.1 The F-IBP equation system for chain derivatives
The first source of identities is the three-point analogue of the IBP relation (3.2),

03123 = <—513f1(§) — soafiy) + stfgfi” + V3)9123, (4.2)
i—4

where we again employ the operator V; in (2.31) to capture the Koba-Nielsen factor in
(839123)17; = 83(91231.7;) — 9123(831-7;). The right—hand side of (42) features a chain of
Kronecker-Eisenstein series as visualized in figure 2. However, the factors of fl(;) and fQ(;)
introduce a second species of edges which are visualized by dotted lines in figure 3 and lead
to cycles similar to C(19)(§) and C(123)(§). Cycles with a mix of fi(;u) and Q;;(n) factors will

be referred to as f-§2 cycle, and the contributions féé)ﬂgg(’l’]g) and fl(é)ﬂlgg to (4.2) furnish
simple examples at length two and three, respectively.
The length-two example of f-() cycles, i.e. the pair fi(jl)Qij (n), can be traded for a

derivative of Q;;(n) via (2.23). Hence, for f2(?1))9123, we have

133 Quos = Q1 (123) (95Q3(13) + (5 (1) + By, ) Q23 (1s) )
= 03123 + (5 (13) — Oy + Oy) Q123 - (4.3)
In passing to the second line, we have rearranged z;- and 7;-derivatives of the individual

Kronecker-Eisenstein factors to act on the entire chains. Throughout this work, we will
extensively use

i () = =0;Qij(n), 0y, Az, mij...k) = Oy U2, mij. k) (4.4)

to iteratively reorganize expressions 20€) as total derivatives 9(Q2€2) as long as the prod-
ucts (2€) do not form a cycle. Simple applications of (4.4) include Q12(123)0y,223(n3) =

(Opy—0hy ) Q123 and (03Q213(123))232(n2) = (034+02)132.
The f-Q cycle fl(;)ﬂlgg of length three in (4.2) reduces to length two by virtue of the
Fay identity

fl(é)QIQS = f1(§,)913(ﬁ3)912(ﬁz) - f1(91,)913(7723)932(772) - (4.5)
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Applying (2.23) to fl(;)913(7]3) and fl(;)ng(ngg) then results in
ff;,)9123 = (33913(773) + (§W (n3) + 3773)913(773))912(?72) (4.6)

- (63913(7723) + (5 (23) + ‘9713)913("723))932(772)-

By rewriting the z;- and 7; derivatives via (4.4) to act on the complete chains as in (4.3),
we arrive at the simplified form

£330 03 = 03123 — o132 + 3V (1) (R + Ruza) + Oy Ruoz — 9V (maz) Ruzo . (47)
Inserting (4.3) and (4.7) into (4.2) results in one equation for the four derivatives in (4.1),
(14s13+523) 032123 — 513022132 = h3ja3, (4.8)

where the right-hand side is formally free of z;-derivatives 9;€2 and denoted by hgjp3 for
future reference

h3ja3 = (—(813+823) (G (n3) + Byy) + 5230, + > 33if:§i1) + V3> Q123
i—4

+ 513 (6 (1123) — 4V (13)) Q32 - (4.9)
The above steps to rewrite the derivative 93123 w.r.t. the endpoint z3 of the chain in (4.2) can
be straightforwardly adapted to (92Q123)Zs = 92(Q123Z7) — R123(02Z7), where the derivative

is now taken w.r.t. the puncture z9 in the middle of the chain €2193. After manipulations
similar to those in (4.3) to (4.7), we arrive at a second equation for the 0;§2

(1+512) 02123 + (s12—523) 0382123 = hgja3, (4.10)

where the building block hgjg3 on the right-hand side is again free of z;-derivatives 9;€2 but
not a relabelling of hgjp3 in (4.9):

hajas == <823 (6 (n3) + ) — 512 9 (023) — (s12+823) Oy + Zsmféi) + V2>9123- (4.11)
i—4

Relabelling 2 <» 3 in (4.8) and (4.10) by trading (22,72, s12) <> (23,73, s13) yields another
pair of equations,

(14512+523) 02132 — 512032123 = hgj32,
(1+4513) 03132 + (s13—523) 02132 = hgj32, (4.12)

where h2|32 = h3‘23’2H3 and h3|32 = h2|23’2<_>3 are obtained by relabelling (49) and (411)
Based on the four equations in (4.8), (4.10) and (4.12), we can now expand the four
zi-derivatives (4.1) in the chain basis,

h3|23(1+812+523) + h2|32813
(14-523)(1+5123)
hoja3(1+s23)(1+5123) — hoj32513(512—523) — hpa3(s12—523) (1+512+523)
(1+812)(1+823)(1+8123)
The remaining two derivatives 022132 and J5€2132 are obtained by relabelling 2 <> 3. By the
expressions (4.9) and (4.11) for h;;; and h;;;, the right-hand sides of (4.13) are in a chain
basis: similar to the comments below (3.7), each contribution to h;;, h

0323 =

: (4.13)

0223 =

|ji7 Z|Z] is one Of
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« a linear, z;-independent operation (multiplication or n;-derivative) of the chains €293
or €132 which can be pulled out of the integrals over the punctures,

¢ a Koba-Nielsen derivative V; which will contribute factors of ITIZ”T in closed-string

applications with complex conjugate chains and cycles, see (2.48) and (3.11),

(1)

e products of 2193 or 130 with fézl ) or (23 with ¢ > 4 which fall into four-point chain

bases (possibly after rearranging Q123 f211 or 2139 féll ) via Fay identities).

4.1.2 Breaking the length-three cycle

The chain-basis reduction (4.13) of derivatives 0;€2123 is the key to break the cycle C(123)(§)-
Using Fay identities, the length-three cycle can be reduced to length two,

Cl123)(§) = Q12(123)Q23(n3+£)232(§) — Q13(123)Q23(n3 + ) 232(n23+E) (4.14)

and we can now follow (3.1) to convert the bilinears in Q93 to z-derivatives. We again
apply (4.4) to reorganize derivatives,

Q2(1723) Q23 (n3+€) 32(8) = Qu2(n23)Q23(13) (50 (€) — 9 (13+€)) + Q2 (1723) 0223 (113)
= (51(&) = g (13+€)) Quas — 033, (4.15)

and simplify the second term on the right-hand side of (4.14) with the same methods,

Cl123)(§) = —03Q123 + 02132 + (G (€) — 5 (13+€)) Q23
+ (W (23 +€) — 5 (3+€)) 32 (4.16)
Thus, the chain-basis expansion of the length-three cycle Ci193)(§) reduces to that of the

zi-derivatives (4.1) of the chains Q123 and €139. Substituting the solutions (4.13) into (4.16),
we get

hy30 — h
SR (00 — 80 ) 2 + (00 ) — 5 () .

(4.17)
Note in particular that only the first tachyon pole from the expressions (4.13) for d5€123 ~

Cl123)(§) =

(14-5123) "' (1+4s93) ! is left. Moreover, only hjjo3 and hgj3y given by (4.9) appear in (4.13)
whereas their relabelling-inequivalent counterparts hojo3, 3|32 determined by (4.11) dropped
out from (4.17). After inserting (4.9), our final result is

Cliz3)(§) = Mz (¢) ! K T3, + V3> Q23 — (Z%z + V2> 91321 ;o (4.18)
4

L+s123 L+ s123 Py

with z3; = s3; ?511) and
My23(8) = [((813-1-823)3773 — 5930, — 3 (13) — s1201(13,72)) Q23 — (2 & 3)}
+ (1+4s123) (v1 (03, ) Q123 — v1 (N2, N3+E) Q132) - (4.19)

The elliptic function vy (73, €) is defined in (3.5), and each term on the right-hand side of (4.18)
is in a chain basis by the discussion below (4.13).
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4.2 Length-four cycles

Also for the length-four cycle C(1234)(§) = Q12(1234+E)Q03(134+€) Q34 (04+E€) Q1 (€), we follow
the strategy of section 4.1 and start by reducing the 18 permutations of the z;-derivatives
021934, 03821234, 04821234 to a chain basis,

81‘914)(2’374) with 2 S 1 § 4, P € Sg . (420)
4.2.1 The F-IBP equation system for chain derivatives

As a convenient starting point for the F-IBP manipulations to expand the total of 18
derivatives (4.20) in a chain basis, we rewrite

04821234 = (—814f1(i) - 824f2(i) - S34f;§i) +> 34ifz§z‘1) + V4) Q1934 (4.21)
i=5

using (8491234)1,; = 84(91234I;) — 91234(8415). The pI"OdUCtS of 91234 with féi), fQ(i) and
f&) on the right-hand side of (4.21) form f-Q cycles in the sense of figure 3 of length two,
three and four, respectively. Similar to (4.5), repeated Fay identities allow to reduce all of
these f-Q) cycles to length two, i.e. to products of fi(41 )Qi4 with chains. These products in
turn can be readily converted to derivatives acting on a single €;;, see (2.23). Since none of
these derivatives act on §2;; within cycles, all of the 0; can be moved to act on full-fledged
chains €, ;93 4) by iterative use of (4.4). After applying these steps to all the products

i1 Qa3q in (4.21) with j = 1,2,3, we arrive at
(1+s14+824+534) 041234 — (S14+524) O3 Q1243 — 514031423 + 5140221432 = hypozs, (4.22)
where the following combination is free of cycles or z;-derivatives,
— (_ ~(1) - (1)
hajoss =  —(s1a+s2a+534) (9 () + Oy,) + 52400, + 53405 + > saify; + Va | Q1234
i=5
+ (G (134) — 9N (12)) (514 524) Q1243 + 51201493)
+ (5 (31) — 5 (1234)) 5141432 - (4.23)
The analogous 1IBPs (81‘(21234)1;I = 81(912341:1) - 91234(81‘1:1) with i = 2, 3, yield two other
equations
(1+4512) 0221234 + (512—523) 03 21234 + (512—523—524) 0121234 + 52403821243 = hgj234 ,
(14513+523) 0321234 + (S13+523—534) 0421234 — 5130221324 — 513021342 = higja34, (4.24)
where hgjo3y, h3jp3s are free of z-derivatives, take a form similar to (4.23) but cannot be
obtained from its relabellings. Permutations of (4.22) and (4.24) in the labels 2,3,4 of
i, M, 8ij yield a system of 18 equations, which can be solved for the 18 z;-derivatives in (4.20).
In particular, we arrive at an expression which is completely determined by permutations
of h4|234 in (423),
(1+534) (1+5234) (1+51234) 011234 = —hojz2514 (14523+534) — ho342513524 (4.25)
+ h3j2a3 (514 (1+5234) + s24(14512+5234)) + h3jao3514 (14-523+534)
+ hajoga (s12(1+523+534) + (145134523 +534) (1+5234)) + hujgo4513524

i.e. where all permutations of hgjp34 and hgpp34 in 2,3,4 dropped out.
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4.2.2 Breaking the length-four cycle

The next step is to apply the chain expansion (4.25) of 04€21234 and its relabellings to break
the length-four cycle. Similar to the length-three strategy in (4.14), we reduce C(1234)() to a
combination of length-two cycles (possibly multiplied by chains) by virtue of Fay identities,

Ci234)(€) = —Q1a(n234) [Q23(134+8) Q32 (14+E6) | Qaa (1123) (4.26)
+ 12(0234)Q23(n34) [Q34 (12 +€) Qa3 ()]
+ Q14(n234) [Q23(n34+E) Q32(n234+E) | Qa3 (123)
— Q12(n234)Q24(n34) [ Q34 (Na+E) Q3 (n34+E)] -

The length-two cycles on the right-hand side are once more converted to derivatives 0f2
using (2.13), for instance,

Qo3 (N34+€) Qa2(na+€) = Qa3(n3) (31 (na+€) — 3V (134+€)) + BaQ3(113) - (4.27)

As before, the rearrangement of derivatives via (4.4) leads to 0; acting on full-fledged chains,
for example Q14(1234)Q42(123)02Q23(N3) = —I3Q1423. Moreover, Fay identities (e.g. their
shuffle representation in section 2.3.3) allow to express all the products of three 2;; in (4.26)
in terms of the six chains €2y ,2 3 4). Based on these manipulations, the expression (4.26) for
the cycle C(1934)(&) reduces to four-point chains and their z-derivatives,

Cl1234)(§) = 03Q1243 + 0321423 — 041234 — 021432
+ 01234 (9 (€) = 9 (4+€)) + Ruaz2(§V (m34+€) — 1 (1234+6))
+ (1243 + D1a23) (G (m3a+€) — 50 (ma+9)) - (4.28)
Substituting the chain-expansion of 041234 in (4.25) and its relabellings into (4.28), we get

h +h —h —h
Clrog(§) = — 28 T 73138~ A3 U2 | 0o (30(€) — 9V (nat€))  (4.29)
1+ 51234

+ (Q1213 + Qazs) (3 (134+) — 9 (na+))
+ Qaz2 (9 (34+€) — 5 (ma3a+€)) -
In spite of the multiple tachyon poles (1+sx) ! (1+s;j%) " (14s145%) " in the expression (4.25)

for the individual 0,55, only the four-particle pole in (1+s1234) is left. Plugging in the
expression (4.23) for hyjp34 and its relabellings leads to the final result

Mi234(§) 1 - (1) < (1)
Cl1234)(§) = 1+ 51931 1+ s19m (i5 saify; + V4>91234 + (2 52i fo; + Vg) Q1432
- (Z 83¢f§3) + V3) (Q1423 + 91243)] ; (4.30)
i=5

with
Mi934(&) = (1+51234) [Q123401 (4, §) + Q143201 (12, 1324+E) — (Q1423+Q1243) v1 (13, Na+E) |
+ {((814-1-824-1-834)37,4—8243772 —8343773—57(1) (n4)—(s13+523)v1 (14, N3) — 51201 (14, M23) ) QL1234
— ((s13+593+534) Oy — 5230, — 5340, — GV (13) — (s519-F594) 01 (103, 72) — 51401 (113, 74) ) Q1423
+ (2« 4)] — 513(Quz2a + Q13a2) (5 (13) — 5 (ma3) — 5 (134) + 31 (ms4)) (4.31)
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where the relabelling 2 <+ 4 applies to the second and third lines and concerns the labels
of all of n;,s;; and 1;5;. Note that the combination in the last line can be written as a
combination of the elliptic function in (3.5),

v1(13, —123) + v1 (1234, —134) = 3V (3) — 3D (m23) — 3V (m34) + §Y (17234) (4.32)
=g (ns) — 9 (123) — g (m30) + g (m234) -

4.3 Generalization to cycles of arbitrary length

With the experience from the previous sections, we shall now perform the chain reduction
of cycles C(12...,)(§) of arbitrary length m > 2 in presence of Koba-Nielsen factors 7} at
n > m points. Following (4.14) and (4.26), a key step is to apply Fay identities to rewrite
C(12..m)(&) as a combination of chains of lower length multiplying length-two cycles €;;€2;;.
The latter can be immediately converted to derivatives 0;€2;; using (2.13) and ultimately to
derivatives of length-m chains via (4.4), resulting in the all-multiplicity formula

m

Chzem)(§) =D S 0™ Mt mt€) = 8D 0 ) = B) Ru g

b=2 pe{2,3,- b1}
w{m,m—1,- ,b+1}

(4.33)
see (4.16) and (4.28) for the examples at m = 3 and m = 4. The leftover task is to set
up and solve an F-IBP equation system that reduces the (m—1)(m—1)! derivatives of the
shuffle-independent chains

81'917,)(273’...,7”) with2<i<m, pe€ Sn_1 (4.34)

to chains without any z;-derivatives.

4.3.1 The F-IBP equation system for chain derivatives

As a generalization of (4.2) and (4.21), our starting point to generate F-IBP relations is

> vaiféll,)i + Vm) Q12.m (4.35)
i=m+1

m—1
OmS12..m = <_ Z Sé,mfg(}n)@ +
(=1
based on (0 Q12..m) Ly = O (Q12..mZy) — Q12..m(0mZ). The products of fﬁ(ln)1 and Q2.
form f-€) cycles in sense of figure 3 whose lengths range between two and m. Fay identities
of the chains then reduce any f-{2 cycle to length two, which can be immediately converted
to derivatives acting on a single €. By the absence of cycles at this stage, these derivatives
can again be rearranged via (4.4) to act on full-fledged chains, and we obtain the following
m-point generalization of (4.8) and (4.22)

m
a7‘rLS212~~~m + Z Z (_1)m_bSm,p8bQLp,b = hm|23~--m ) (436>
b=2 p€{2’37 ,b—l}u_l{m,m—l, 7b+1}
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where the following generalization of (4.9) and (4.23) is free of cycles or z;-derivatives

m—1 n
m|23 m = < Z Szm mi Z Si,m (8nm+g(1) (nm)) + Z Smlfr(riz) + vm) QlQ---m

=1 i=m+1
+ Z Z (_1>m_b5m,p (g(l)(nb+l,--- ,m) - Q(l)(ﬂb,--- ,m)) Ql,p,b . (4'37>

Moreover, both of (4.36) and (4.37) feature the following shorthand S; , for sums of Man-
delstam variables

$1j + D Sij cif jép,
1EP
Sin = sij+ > sy ifjep, (4.38)
i€
% precedeg jinp
e.g. S423 = S4234 = S14+824+534 as well as Sy 403 = s14 and S5 42536 = S15+545+525.
The same methods can be used to obtain representations of 9;€ ,(.... ;) similar to (4.36)

for any ¢ = 2,3,...,m—1 and p € S;,—1. This leads to a total of ( —1)(m—1)! F-IBP
relations which suffice to solve for the chain derivatives in (4.34).

4.3.2 General formula for m-cycles

The only chain derivatives in the expression (4.33) for the length-m cycle are w.r.t. the
endpoint, i.e. 9,8212..,, and its (m—1)! permutations in 2,3, ..., m. Hence, the solution of
the F-IBP relations (4.36) implements its reduction to undlfferentiated chains

—h
Cl12..m)(§ Z > (- (W+§(1)(77b+1,---,m+§)_g(l)(77b,---,m+§))91,p,b-

b2 pef2 b 1} 14519..m
4.39

Inserting the expression (4.37) for hy,; leads to the following closed formula for arbitrary
cycle length m and Koba-Nielsen multiplicity n > m,

Cl12.m)(§) = le—fsl;n(i) - ! Z Z (—Umb( Z Ty + Vb> Qipb

1+ 512..m b=2 pe{2,3, ,b—1} i=m+1
w{m,m—1,- ,b+1}
(4.40)

see (3.7), (4.18) and (4.30) for examples at m = 2,3 and 4. While the contributions
from x3,; yield (m+1)-point chains upon multiplication by € ,3, the numerator M., (§)
generalizing (3.6), (4.19) and (4.31) is expressed in terms of the conjectural (m—1)! basis
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of m-point chains 2y 423, m) With a € Sp,_1,

Mig.m(§) == > (_1)m_b<zsib O, — Y 5i O (14812 )01 (M, Mot 1,1 i +-6)

b=2 pe{2,3,- b—1} i=1 i=2
w{m,m—1,- b+1}

b—1 m
— W () - > Si o1 (s Miigt,e 1) — D Sipv1(m, 77b+1,b+2,~-~,i)> Qb
i—2 i=bt1

+ Z (—1)m+u+v+w ('Ul (nu+1,~~~ aw—1, Ny, ,w—l) -+ Ul(nu,m w — Nut1,- ,w)) (4.41)
1<p<u<v<w<g<m+1

m p
X <Z Syi + Z Sm) Z Z Ql,p,v,a »
1=q i=1

pe{2,3, pru{mm—1,- q} oe{vutw{rw}
ve{p+1,p+2, ,u—1}w{v—1,0—-2,-- ,u+1}
7T€{’U+1,U+27 fLU*l}UJ{Q*l,(]*Z, 7’LU+1}

which has been checked up to and including m = 10. In sections 4.3.3 and 4.3.4 below, we
shall give a more detailed discussion of the contributions 2y ,; in the second line and 21 4 o
in the fourth line. The sums of vy functions in the third line can be rewritten as

U1 (77u+1,-~- aw—1s — Ty, ,w—l) + v (nu, aws " Tu+1,-- ,w) (442)
= g(l)(’l’}quL--- 7w,1) - Q(l)(nu,--- ,wfl) - g(l)(nqul,--- ,w) + Q(l)(nu,--- ,w)
= 9(1)(77u+1,--- w—1) = 9(1)(%,--- w—1) — 9(1)(77u+1,--- w) + 9(1)(77U,--- w) s

see (4.32) for a length-four example. Starting from m = 6, the expression (4.41) does not
involve all the (m—1)! independent chains (e.g. Q132546 and 2153246 do not occur in Mi23456).

We emphasize that (4.40) is an exact formula instead of an equivalence relation under
IBP, since we have tracked the Koba-Nielsen derivatives V(- --). Hence, our chain reduction
of length-m cycles can be readily applied in a closed-string context: similar to the two-point
example in (3.9) to (3.11), any contribution of V€21, to (4.40) in presence of @y ;2. 1)

Tijh

or C(12..,m)(&) translates into — =y 4.

The expansion of our key result (4.40) in the bookkeeping variables n23. m+&, 3. .m+E,
< nm+E, € yields the F-IBP reduction of cycles fl(gl) 2(§2) . fﬁfﬂj ;,2 f,(flm) to chains. In
this way, the complexity of closed- and open-string integrands (2.29) can be dramatically

reduced, see section 4.4 below for examples.

4.3.3 Examples of contributions Q4,3 to (4.41)

The contributions to Miz...,(§) of the form €y ,; in the first two lines of (4.41) are illustrated
up to four points by (3.6), (4.19) and (4.31). We shall here add examples of €; ,; in the
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analogous reduction of length-five chains,

Mis3a5(8)lq,,,,. = (S15+525+835+545)0n5 — 5250, — 5350n, — S450n, — 8" (ns)
— 51201(75, M234) — (S13+523)v1 (75, M34) — (S14+524+834) 1 (15, 74)
+ (1+s12345)v1(15, )

M12345(§)‘915234 = —(S14F524F5344545)0p; + 5240, + 5340y, + 54505 + g ()

+ s1501 (N4, M5) + (S12+525)v1 (14, M23) + (S13+S23+535)v1 (14, 113)
— (I4s12345)v1 (N4, m5+E) (4.43)

where neither 12345 nor 215234 arise in the last two lines of (4.41) at m = 5.

4.3.4 Examples of contributions Q4 ., to (4.41)

The contributions to Miz...,,(§) of the form Q1 ,, o in the last two lines of (4.41) firstly arise
at m = 4, see the terms ~ s;3 in the last line of (4.31). While the coefficients of these chains
Qy , 4,0 are simple combinations of elliptic v; functions and Mandelstam variables, the coupled
summation ranges call for further illustration: the condition 1 <p<u<v <w < g <m+1
in the third line of (4.41) implies p+4 < g and p+2 < v < ¢—2. When ¢ = m+1, which
can be identified as 1 modulo m, the set {m,m—1,--- ¢} is understood as the empty set
@ and ity svi = 0.

The way how a given choice of (p, u, v, w, q) translates into the ordered sets p, o of Q1 4.+
in the fourth line of (4.41) is illustrated in figure 4 below. The outermost summation variables
p, q delimit ordered sets {2,3,--- ,p} and {m,m—1,--- , ¢} whose shuffle gives rise to p. The
remaining summation variables u, v, w then separate the ordered set {p+1,p+2,...,¢g—1} into
four parts which determine ¢ through an iteration of shuffles and reversals detailed in figure 4.

In the length-four example (4.31), the only admissible choice for the summation variables
isp=qg=1u=2v=3,w=4. All of p,7, 7 in the fourth line of (4.41) then reduce to
empty sets and o = 2w4 = {24, 42}, leading to the contributions Q1324+1342. At length
m = 5, the last two lines of (4.41) yield a total of 16 contributions Q1;j5 to Mia345 after
expanding out all shuffles,

(v1(n3, —n23) + v1(N234, —134)) S13 (13254 + Q13524 + Q13542) (4.44)
— (vi(n34, —m234) + v1 (2345, —1345)) 513 (R13245 + L3425 + L13452)
— (vi(na, —m34) + v1(N345, —Na5)) (S14+524) (12435 + Q12453) — (23 > 54),

where the simultaneous relabelling 2 <+ 5 and 3 < 4 applies to all the three lines and
concerns the labels of all of 7;,s;; and Qy;j5;, for instance, v1(n3, —1723)513913254‘23954 =

01 (N4, —N45)514214523.

The first example where both v and 7 in the last line of (4.41) are non-empty sets appears
at length m = 6. For example, the choice p = ¢ = 1, u = 2, v = 4, w = 6 corresponds
to the following contribution to Mis3456

(v1(n345, —N2345) + V1 (723456, —13456) ) S14 (4.45)

X (143256 + Q143526 + Q143562 + 2145326 + 2145362 + L145632) -
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Figure 4. Illustration of the way the ordered sets p and o specifying the chains €2 ,, , in the
last two lines of (4.41) are formed for a given choice of the summation variables p, u,v,w,q. Arrows
indicate where ordered sets are reversed before the shuffle.

After expanding out all shuffles, it becomes evident that the number of terms €2 ,; in the
first two lines of (4.41) is equal to Y3, (). 2) = 2™~2 Importantly, it should be noted
that each €1 ., appearing in the last two lines of (4.41) is distinct for different choices
of {p,u,v,w,q} and {p,v, 7, 0}. Consequently, the total number of €1 ., in the last two
lines can be determined as follows,

Z <m+p—q> (U—})—Q) <q—v—2> (Q p 2) 22m75 ( 1)2m73’
1<p<u<v<w<g<m+1 ] 1 v—u—1 q—w 1 q—v 1

where the counting at m = 2,3,4,5,6,7,8 is 0,0,2,16, 88,416, 1824, respectively, which
coincides with the sequence on the right-hand side inferred from [63].

4.4 Applications

With the general formula (4.40), we now have the means to break a Kronecker-Eisenstein
cycle (2.46) of arbitrary length m. However, when dealing with string integrands in (2.29), the
focus shifts to handling cycles f1(12€1) f2(§2 ) fnf e i,z ot ) of Kronecker-Eisenstein coefficients
at given k; # 0 instead of their generating series Q”( ). A prime example of this is the
cycle of fz-(jl) found in the elliptic functions V;,,(1,2,...,m) to be reviewed below which enter

correlators of various string theories.

In this section, we utilize (4.40) as a generating function of component formulae for
breaking the cycles of Kronecker-Eisenstein coefficients. We also introduce several helpful
techniques to simplify the computation process.
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4.4.1 Elliptic functions

An elegant construction of elliptic functions of m punctures z1, 29, ..., 2, is based on cyclic
products of meromorphic or equivalently doubly-periodic® Kronecker-Eisenstein series at
the same second argument n [21, 22, 64],

F(z12,m,7)F (223,10, 7) ... F(2m1,n,7)
= Qz12,1, 7)) 223,17, 7) ... U2m,1,71,T)

=n ™" Z NV (1,2,...,m|T) . (4.47)

The elliptic functions V,,(1,2,...,m) in the n-expansion are indexed by their holomorphic
modular weight w > 0. At fixed multiplicity m, their instances with weight 0 < w < m are
sufficient to recover cases with w > m via linear combinations with holomorphic Eisenstein
series Gy, as coefficients, e.g. V4(1,2) = 3Gy or V5(1,2,3) = 3G4V1(1,2,3). The n-expansion of
the left-hand side of (4.47) yields the following representations in terms of fi(;u) (manifesting
(w)

doubly-periodicity) or equivalently g,;

Vao(1,2,..om) = 3 pia0 k) gl pln) (4.48)
ki1t+ko+...+km=w

(manifesting meromorphicity)

k1) (ko Em—1) (km
= Z 9§2l)9§3 ) gin 1 11?’)Lg1€n1 ) )

k1t+ko+...+km=w

with cyclic identification z,+1 = 21, for instance

- 1
%(1,2,...,”&):1, Vl(l Zg]7j+1 ijgvj)-"J’
j=1

V(1,2 meﬁz Z Fa (4.49)

j=1 =1 j=i+1

The notation for v; in the definition (3.5) is motivated by the relation
Ul(zlz, 223) = Vl(l, 2, 3) (4.50)
with the elliptic function V;(1,2,...,m) at m = 3.

4.4.2 Breaking V,,(1,2,...,m)

Based on Fay identities, any V,,(1,2,...,m) with w < m can be expressed in terms of
expansion coefficients in permutations of the chain Qqs...,,, in (2.41). However, this is not
the case for V,,(1,2,...,m) at w = m since it includes the f-cycle fl(;)f%) . fﬁllmf,slll)
To handle this specific case, we will isolate suitable components of the generating-function
identity (4.40) due to IBP to break the f-cycle. As discussed at the four-point level in [23], the
breaking of cycles of fl-j1 has immediate applications in the gauge sector of heterotic-string
amplitudes.

5The non-holomorphic exponential in (2.3) drops out from the cyclic products of € in (4.47).
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According to (4.47), the function V,,,(1,2,...,m) can be produced from the Kronecker-
Eisenstein cycle via

Nm—0 n3—0 n2—0

m—1
Vin(1,2,--- ,m) = (Qm,1(§) 11 Qi,i+1(£))|§0 = ( lim --- lim lim C(12---m)(§))|§o- (4.51)
=1

On the right-hand side of (4.51), one can also trade the operations of taking limits for
taking coefficients,
n}igo (- (nlsigo <n12i§0 Cazem)(©)) ) = (- ((0(12"'m)(§>’n3)|n§) "y

o (4.52)

= C(12---m) (f)Hng,ng,u-,nm

where in the last equality, we have introduced the shorthand notation ”no n0,... for the process
010,

of taking limits in a specific order. Applying this operation to the single-cycle formula (4.40),

we break V,,(1,2,--- ,m) into pieces free of cycles,
Ml2m(§)” 0.0 0 ¢0 1 m
Vin(1,2,--- . m) = T s Mm” _1)mb 453
m( ) 1+ s519..m 1+ s12..m I;Q( ) ( )

n
X > ( > i lgz'l)+vb>ﬂl,p,b”n8m§,-n,n%'

pe{2,3, b—1}tw{m,m—1,- b+1} " i=m+1

At length m = 2 in presence of an n-point Koba-Nielsen factor, this specializes to

(M2l g0 = 18 Y suifld) = varly). (454)
i=3
where the expansion of §!) in (2.14) yields

M12(§)Hn37§0 = 8123772912(772)!,78 — Q(l)(ﬁz)mz(m)\ng + (1+s12) U1(7727§)Q12(772)Hn3750
= 25123 + Go (4.55)

and results in

Va(1,2) =

(20 o= Y sfl)) - Vel (4.56)
+ 512 i—3

This example illustrates the convenience of taking coefficients of 79 and &0 in (4.52) as
compared to taking limits: the operation Hng’go can be individually employed to separate
parts of (4.40). However, we emphasize that the operation ||77(2),77(3),~~-ﬂ79n defined in (4.52) carries
the information on the ordering used to extract the coefficients. This ordering is inherited
from the ordering used to take the limits. Once an ordering of 9,79, ...,n%, is chosen, it
must be consistently applied to every term on the right-hand side of (4.53). The non-trivial
dependence on the ordering is exemplified by®

1 1 2 2 1 1 2
Ql23”ﬂ§ﬂ7§ = f1(2)f2(3) + fl(z) + f2(3) ) Ql23‘|ngmg = f1(2)f2(3) + f1(2) =+ 9123”77(2)77@ . (4.57)

6 . . _ [e’s} T
The difference in (4.57) can be understood from the fact that 7,213,]3 = Zr:o (7%)

n9nJ

|ngnr§
_ s ( n:

n3
whereas ‘ | =
n2+n3 ng,ng r=1

2) oo =
2 ng.ny
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For any alternative ordering, such as Hno 0 it is evident from the definition (2.46) that
m 31135712

C(12~--m) ‘ |770 = C(lg‘..m) H while

0 0,0
217731"'177% 779n7"'7”737”72

M12---m(€)||ng

can only be established by applying Fay identities.

750 - M12m(£)"779n»777g777(2)7£0 (458)

0
7"737"'7,’7'977.

4.4.3 Tools for extracting coefficients

Notice that the length-m chains §2;,(3....,,) in the expression (4.41) for Ms...,,, do not depend
on the auxiliary variable £&. The &-dependence entirely resides in the elliptic functions
01 (N, Mp+1..m+E), and we can easily extract the €0 coefficients by combinations of”

g(l)<§)ﬂl""‘7737.‘.77,9”750 =0, (4.59)

N R 1
GVHOR o 0 0 = (9(1)(771) - m)ﬂl'“HnSmn?ﬂ , for I'#10),

such that
1
Q = 1 1 Q
U1(77p>77p+1---m+f) 1---”,73,...7779”750 = U1(77P777p+1---m) + Moo - Mot 1'-"‘173,...7,79”

for p < m. Note that the right-hand side further simplifies in view of v1(np, Np41,-.m) +
- - — = np+11.“ — = % + O(n;). Thus, (4.60) furnishes a convenient lemma to perform the

Hgo operation in (4.53).

Another useful identity is®

1
o — *Ql 0

| 0 for 2 <i<m, (4.61)
sTm, 772 N> sTm

which means that all derivative operators 0,, entering (4.53) through the expression (4.41)
for Mys...,, can be traded for simple multiplications.

4.4.4 Length-three example

At length m = 3, the general formula (4.53) for the chain decomposition of V,,,(1,2,...,m)
specializes to

V4(1,2,3) Miz©Ollyg e 1
Sl 1+ 5193 T 1+ s103

( saifiD + V3> (PO D 4 f @y 2y
1=4

+ (Z soifi)) + Vz) (fi5) 153 — ff?)] . (4.62)
i=4

"This can be understood by separating §*)(n;+€) into a non-singular part §* (n;+¢) — ﬁ in nr+€
1 1
nr+€° nr+§
zeroth-order coefficient is readily identified as ¢ (n;) — % The non-singular part is considered at |nr| < [¢|

and a singular one The non-singular part §<1)(771+f) — admits a Taylor-expansion in £ whose

to obtain the geometric-series expansion ml+§ = % Z:O:o (f%’)T and read off a vanishing coefficient of £°.
8This is a simple consequence of the fact that the zeroth order in 7; of some Laurent series 0y, Q1...(n;) is

only sensitive to the linear order of €1...(n;) in 7; where 9,, acts by multiplication with (n;) ™.
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see (4.19) for Mi23(&), and the tools of section 4.4.3 for taking coefficients yield

A S 2 (s13+s S12-+s
M123(§)Hng,ng,5° = GoV1(1,2,3) + Qo3 (12+ (513+523) _ S12 23)

7123 3 T2 79,m%
s S13+S$ 2 (s12+s
Qs <_13+ 13123 2(s12 23)) (4.63)
7123 "3 "2

1513
Extracting the coefficients of 13,73 on the right-hand side is straightforward, for example,

Q23
7123

Qa3

n9.mg 3

= i (4.64)
UDRUES

such that

Mi23(6)]],0 10 c0 = G2Va(1,2,3) + (2512 523) fi5 F13) + 2815+ 523) £33 115
+ fg(? ((812+2813+2823) f1(;) — 2 (s12+523) fl(é))
+ (2813—812) fl(g) -+ (813—2812) fl(g) + (2812+2813+3823) f2(§) . (4.65)

Except for the first term sq2 fl(é) f2(§) of the second line, the right-hand side is manifestly
antisymmetric under 2 <+ 3. The exceptional term s19 fl(;) fQ(? in (4.65) compensates for the
lack of —(3°1 4 sziféil) + Vg)fg) on the right-hand side of (4.62) such that the antisymmetry
V3(1,2,3) = —V3(1,3,2) is preserved.

Additional examples for the chain decomposition of V;,(1,2,...,m) up to and including
m = 5 are provided in appendix A. We have checked via Fay identities that the results
obtained at m = 4 points agree with those reported in the literature [23, 65]. Higher-point
cases of our general results (4.53) at m > 5 cannot be found in earlier work.

4.5 Reformulations of the single-cycle formula

Our presentation of the F-IBP decomposition (4.40) of Kronecker-Eisenstein cycles C1s....m)
singles out the first puncture 21 in two respects: first, the permutations 412 1), 0 € S of
the chains on the right-hand side are given in the (m—1)!-basis of Qy,. ;) W.r.t. the Fay
identities (2.43) where the permutations p € S,;,—1 do not act on z;. Second, the integrations
by parts reflected by the Vy, Vs, ..., V,, in (4.40) exclude derivatives Vi w.r.t. z;. While
a change of (m—1)! basis of chains can be straightforwardly performed via (2.43), the goal
of this section is to spell out reformulations of (4.40) where a general V,.; rather than
V1 is skipped in the IBP relations. This will result in alternative chain decompositions of
C(12..m) Where 2, rather than 21 enters on special footing. Such reformulations will be
essential for the chain decomposition of more general arrangements of Kronecker-Eisenstein
series beyond a single cycle in later sections.

Our starting point is the consequence Y ;7 9pQ12..,, = 0 of translation invariance.
Together with the definition (2.31) of Vj, we are led to the relation

Z (Vb + Z mb,i) QU(lQ...m) =0 (466)

b=1 i=m+1
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among V1, Vs, ..., V,, acting on chains with any permutation o(12...m) of 12---m. This
can be used to eliminate any V, with 2 < a < m in favor of V; and the remaining Vi1 ,
in the decomposition formula (4.40):

i( Zn: xb,i+vb> DR S L 0 71 (4.67)

b=2 \i=m+1 pE{2,3, b—1}
w{m,m—1,-- b+1}

= i ( zn: Tp; + Vb> ( Z (—1)m7b91’p7b — Z (—1)maﬂl7p7a>
b=2

i=m+1 pe{2,3,- ,b—1} pe{2,3,- ,a—1}
w{m,m—1,- b+1} w{m,m—1,--,a+1}

— < zn: T1,i+ V1> ( Z (—1)m_aﬂl7p7a> , a€{2,3,...,m}.

i=m+1 p€{2,3,-,a—1}
w{m,m—1,---,a+1}

The difference of the permutation sums over €2y ,; and € ,, in the middle line can be
simplified through the following corollary of Fay identities:

ST > (D)™ = Y. (-DIPIQ, . (4.68)

p€{2,3,~'~ ,b—l} p€{2,3,~~ ,[1—1} pe AwBT
w{m,m—1,-- ,b+1} w{m,m—1,--,a+1} (a,A4,b,B)=Im

The notation (a,A,b, B) = [, in the summation range on the right-hand side instructs
to identify the (possibly empty) ordered sets A, B by matching (a, A,b, B) = (1,2,--- ,m)
up to cyclic transformations ¢ — i+1 mod m. Simple examples at (m,a) = (3,2) and
(m,a) = (4,4) are

Q123 + Q132 = 13, —(91243 + Ql423> — Q1934 = Q4103 . (4.69)

Based on (4.67) with the simplification of its middle line via (4.68), we can rewrite the
single-cycle formula (4.40) as follows, for any a € {1,2,--- ,m},

(1+812...m)C(12..,m) (&) = Mig.m(§) — i Z (—1)‘3‘ < zn: Tpi + Vb> Qa,p,ln (4.70)
b=1

pcAwBT i=m+1
b#a (a,A,b,B)=Im

where A, B on the right-hand side are again determined by (a, A,b, B) = (1,2, -+, m) modulo
cyclic transformations. This reformulation of the chain decomposition of single cycles Ci....n)
reduces to the original formula (4.40) for a = 1 and otherwise offers the flexibility to prevent
one arbitrary V,.i-derivative from appearing on the right-hand side of (4.70). By virtue
of (2.43), the chains €, ,; on the right-hand side of (4.70) are readily expanded in the
basis of €7 employed in (4.40).

At length m = 2 and m = 3, setting a = 2 in (4.70) to eliminate V3 leads to

(14512)Ca2)(§) = Mi2(€) + Qa(n2) D w1 + Viia (1) , (4.71)
=3

n n
(1+45123)Cl123)(€) = Mig3(§) — Qa1 Y w1 + Doz ¥ w35 — Viagt + Va3,
i=4 i=4
where the multiplicity n > m of the Koba-Nielsen factor has been kept arbitrary. We will
make frequent use of (4.70) when dealing with products of cycles in section 6.
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5 Chiral splitting

For the integrands of closed-string genus-one amplitudes, manifestly doubly-periodic repre-
sentations are tied to Wick contractions of the joint zero modes of the left- and right-moving
worldsheet fields 0, X and 9;X. Their Wick rules couple the left- and right-movers 9,X and
0;X and lead to Lorentz contractions between the chiral halves ¢;, €; of the closed-string
polarizations in (2.29), accompanied by factors of 7—. Moreover, when applying F-IBP
formulae such as (4.40), we need to be careful with holomorphic derivatives since their action
0; fi(Jm>0) on the contributions from the opposite-chirality sector does not vanish.

Both of these interactions between left- and right-movers can be sidestepped by virtue of
chiral splitting [47, 48]: the key idea is to separate the joint zero mode of the fields 9, X and
0: X — the string-theory counterpart of the loop momentum in Feynman graphs — from
the path integral over X that defines the genus-one correlators in string amplitudes. At the
level of the loop integrand of closed-string amplitudes, meromorphic and anti-meromorphic
sectors then decouple. This can be viewed as the string-theory origin of the double-copy
structures in the loop integrand of (super-)gravity amplitudes which grew into a wide and
vibrant research field [66, 67].

The independent chiral amplitudes from left- and right-movers in the loop integrand

of closed-string amplitudes no longer manifest the z; — z;+7 periodicity term by term. In

)

particular, the doubly-periodic Kronecker-Eisenstein coefficients fi(;ﬂ in the loop-integrated

correlators typically translate into their meromorphic counterparts gi(;y) in (2.6). Their
B-cycle monodromies under z; — 2,47 (see (5.9) below) are compensated by shifts of the
loop momentum by the external momentum k; [47, 48], see [68-71] for recent applications
of this mechanism to the construction of chiral amplitudes at different loop orders. In this

section, we will reformulate the single-cycle formula (4.40) for generating series of fi(jw) in
Z(;-U), loop momenta and a chiral Koba-Nielsen factor.
By the lack of term-by-term invariance under B-cycle shifts z; — z;+7 in chiral amplitudes,

terms of the meromorphic g

total derivatives w.r.t. z; may no longer integrate to zero. As will be detailed below, B-cycle
monodromies in the primitives of IBP relations lead to boundary terms which we shall

track in the reformulation of (4.40) in a chiral-splitting context.” These boundary terms
(w)
ij -
Since the tracking of boundary terms can be smoothly incorporated into the methods of

are no obstruction to break cycles of the meromorphic Kronecker-Eisenstein coefficients g

this work, our main results are compatible with the reduction of closed-string problems to
open-string ones using chiral splitting.

5.1 Basics of chiral splitting

As shown in [47, 48], chiral splitting allows to derive open- and closed-string amplitudes from
the same chiral function /C,,(¢) of the kinematic data. Open-string n-point amplitudes at
one loop descend from worldsheets of cylinder- and Moebius-strip topologies with punctures

908 is grateful to Filippo Balli for discussions and collaboration on related topics that led to the under-
standing of boundary terms as presented in section 5.1.2.
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z; on the boundaries,

1
= — op D
Ay (2ri)D %:Ctop /D[op dr /DZ du,) /RDd )T (0| Kn(f) . (5.1)

top

Closed-string one-loop amplitudes in turn are given by
1 N
S d2/ dd/ AP0\ T (012 K (O (—1) 5.2
My = g e [l [ aP0T, (0P Ku(OF (-0 (52)

see the discussion below (2.25) and (2.26) for the integration domain of the moduli z; and 7. As
a universal part of the underlying correlation functions at fixed loop momentum, both (5.1)
and (5.2) involve the chiral Koba-Nielsen factor

n

n

TIn(l) == exp (— > sijlogb(zij, 7) + Y 2 (0-kj) + 4:”_62) , (5.3)

1<i<yj j=1
which in contrast to the Z? in (2.27) depends meromorphically on both z; and 7. Even though
we treat the momentum invariants s;; as independent variables, translation invariance of the
chiral Koba-Nielsen factor (5.3) necessitates the condition >-7_; (¢-k;) = 0, i.e. momentum

conservation along the direction of the loop momentum.
The leftover factors of I, (¢) in the loop integrands of (5.1) and (5.2) carry the dependence

on the polarizations and are referred to as chiral correlators. The z-dependence of K, ()
(w)
ij

bosonic or heterotic strings. Given that chiral correlators C,,(¢) are polynomials in loop

is encoded in g, with w < n—4 in maximally supersymmetric settings'® and w < n for

momenta ¢, the loop integrals in (5.1) and (5.2) are of straightforward Gaussian type. In the
simplest case, we recover the earlier Koba-Nielsen factors Z in (2.27)

D D
zr -Gy [Laaaol. m= SR [ eager. 6
for open and closed strings respectively. The polynomial ¢-dependence of chiral correlators
gives rise to polynomials in v;; = 2mi hlnmzij,
D n
/R . dP0| T (0)) o+ = (2(12;2)?1;;1 2::2 kivia (5.5)
[Pl oo = @r)° o ( 3 i, ) <2nj Bo) - oo
RD (2Im 7) = = Pt Im 7

(with external momenta k¥, k' and Lorentz indices z, \) which eventually conspire with the
(w)
ij

the two types of terms ~ v;; and ~ 7— on the right-hand side of (5.5) illustrate how loop

meromorphic g..’ in chiral correlators to obtain the doubly-periodic fi(;u) in (2.6). Hence,

integration reproduces the manifestly doubly-periodic form (2.29) of one-loop closed-string
integrands.'!

10Gee [65] for a construction of multiparticle invariants under B-cycle monodromies z; — z;+7 together with
¢ — £ — 2mik; and [69] for different representations of K, (¢) at n < 7 points in pure-spinor superspace.

"'Whenever the two loop momenta £“¢* in the second line of (5.5) arise from the same chiral amplitude
(i.e. both from the left- or right-movers), the factors of 2= can be absorbed into the conversion of 9; gl(;“)

Im 7

into 8ifz.(f’) such as Gig(l) + 5 = aiffjl). That is why factors of = are absent in the schematic form of

iJ ImT

open-string integrands K;F in the first line of (2.29).
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5.1.1 Koba-Nielsen derivatives

The derivatives of the Koba-Nielsen factor 7, (¢) in (5.3) with respect to worldsheet positions
z; are given by

n
8“7”(6) == <€/€1 — ij,])jn(€> s with ji,j = Sijg,g) for ] 7& i. (56)
J#i
Similar to (2.31), we can introduce operators V; incorporating Koba-Nielsen derivatives

- n 1
Vip = 0u+ (ki =3 305 )8 = S0P T) (5.7)
JFi n

for arbitrary meromorphic contributions ¢ = @(z;,7) to chiral correlators K, (¢). Similar
to (2.34), the operator V; does not obey a Leibniz rule and instead acts as follows on products

Vi(@182) = (Vig1) @2 + ¢10:(¢2) = (0:41) P2 + ¢1Vi(B2) - (5.8)

On the other hand, two operators V; and @j still commute with each other as an analogue
of (2.35).

For a meromorphic function ¢ expressed in terms of gg-wo) with B-cycle monodromies
W (_9rik
g(“’)(z—i—T, T) = Z %Q(w*k) (z,7), (5.9)
=

integrals over total derivatives — [ i, dpP 7,V for open strings and fi‘?‘l dud 7,V ¢ for
closed strings — do not necessarily vanish: they violate doubly-periodicity which was already
highlighted as salient point (i) below (2.32). However, such integrals over total derivatives
can still be reduced to boundary terms using Stokes’ theorem.

5.1.2 Stokes’ theorem and boundary terms

We shall now evaluate the integrals over total derivatives in chiral splitting by means of Stokes’
theorem, following the perspective on boundary terms developed during the preparation of [72].

Consider a typical contribution ®(22) = [ J,(22)|>@i(22)$;j(22) to closed-string integrands,

viewed as a function of z9 (say @i(z2) — g%)g%) and @;(z2) — 1 in the concrete example

D(29) — |Jn(22)|29g) g%)). Then, integrating a total zp-derivative via Stokes’ theorem yields

d222 82 ((P(ZQ)) == dgg (I)(ZQ) (510)
T, 0%,

— [ 4z @(ZQ)+/

dgg (I)(ZQ) — / dig (I)(ZQ) — d22 @(22)
Ao Bo+1

Ao+T1 B>
1 1+7 T+1 T
= / dgg (I)(Zz) +/ dEQ @(22) —/ d52 (I)(Zz) — / dZQ (P(ZQ) .
0 1 T 0

We have decomposed the boundary 0%, of the parallelogram in figure 5 into four components,
namely the homology cycles Az, —By and their translates (B2+1), —(A2+7) with minus
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Im(z2) 4 —(Ag+71) |£
T 2, T+1
S
—Bs (Bz-f—l)
T,
0 1
? > Re(z2)
Ay

Figure 5. The fundamental parallelogram ¥, at fixed loop momentum for z, and its boundary. The
boundary 9%, is given in terms of the integration contours As, Bs for z9, and their displacements
(A2+T) and (BQ+1)

signs accounting for their orientation. The four contributions to (5.10) can be reorganized
into two integrals by absorbing the displacements by 1 and 7 into the integrand,

d222 O ((I)(Zg)) = /1 dZzo [(P(ZQ) — @(ZQ"’T)} + ’ dzo — @(22)}
Tr 0

1 1 N
= / dEQ [@(22) — ‘I)(Zz—i-’l')} = —/ dEQ bQ(I’(ZQ). (5.11)
0 0

In passing to the second line, we have exploited the A-cycle shift invariance ®(z9+1) = ®(22)
of chiral correlators inherited from the periodicity ¢(*)(z+1,7) = g(*)(z,7). The last line
of (5.11) defines the difference operator Bj associated with a B-cycle shift of z;,

b;®(z) = ®(2)] —B(2). (5.12)

25—z +T

Since a typical primitive ®(z2) in the total derivative (5.10) may have B-cycle mon-
odromies (5.9), the integrand by®(zp) in the last line of (5.11) is in general non-zero. Never-
theless, the surface integral over ¥, on the left-hand side has simplified to a boundary integral

where zj is restricted to the A-cycle (0,1). These boundary terms can be reconstructed
(w)
- ij

amplitudes. Hence, by consistently retaining V; before the loop integral, the results of this

from the images of V; in subsequent formulae for the breaking of cycles of g;* in chiral

section provide the chiral-splitting analogues of the IBP relations (2.33).

5.2 Single cycles versus chains of meromorphic F

By analogy with our notation (2.41) for products of doubly-periodic Kronecker-Eisenstein
series, we denote chains of their meromorphic counterparts Fj;(n) = F'(z;—zj,n,7) by

m m—1
Forazam = 5(2 77ai> H Fo, a1 (77a¢+1 am) s (5.13)
=1 =1

such that for instance Fiog = d(n1+n2+n3)Fi2(n23)Fas(ns). Since the Fay identity (2.11) is
universal to Fj;(n) and €;;(n), the relation (2.43) for doubly-periodic chains with ordered
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sets «, B straightforwardly propagates to the F-chain in (5.13),

Foip=(-DFrFp= (1) Y F,. (5.14)

peaTwp

In particular, only (m—1)! out of the m! permutations of Fy,qy..a,, are independent un-
der (5.14), and one can for instance take those chains with a; = 1 as the independent
representatives. However, it is a separate question whether the (m—1)! independent chains
in (5.14) offer a basis for cycles and more general configurations of Fj;(n). By the discussion
in section 5.1.2, total derivatives may lead to non-vanishing boundary terms in chiral splitting
which may be thought of as additional basis elements for a twisted cohomology associated
with the chiral Koba-Nielsen factor (5.3). While the identification of cohomology bases with
a full account of boundary terms is beyond the scope of this work, we shall spell out the
F-IBP relations between cycles of Fjj(n) and combinations of chains and boundary terms.

More specifically, as the meromorphic counterpart of the doubly-periodic cycle in (2.46),
we will be interested in the F-IBP reduction of the cycles

Cl12..m)(§) =6 < i m) Fro(n23.-m+&) Fa3(03..m+E) - -+ Fn1m (hm+) Fmna (§) - (5.15)

=1

with multiplicities 2 < m < n. The arguments 7;...,+£ are again tailored to attain the
same reflection and cyclicity properties (2.47) as in the doubly-periodic case. Moreover, the
antiholomorphic derivatives (2.48) of C(1a....,)(§) are converted to B-cycle monodromies

C12..m) (§)|zjﬁzj+7 = ™ C19..m) (€) (5.16)

in passing to the meromorphic é(lg...m) (£) in (5.15). The main result of this section will be a
formula analogous to (4.40) to break such a single F-cycle (5.15).

5.2.1 Breaking of length-m cycles

We recall that Fay identities together with (2.13), (2.17) and the IBP relations (2.33) conspire
in deriving the formula (4.40) to break a single Q-cycle. The building blocks Fj;(n) of the
meromorphic cycles (5.15) obey almost identical identities, except for the loop-momentum
dependent term ¢-k; in the chiral Koba-Nielsen derivative (5.6) which is absent in (2.30). On
these grounds, one can apply the substitution rules

Qalag... — Falag,.. 5 xi,j — ji,j ’ g(l) (77) — 9(1)(77) ) vb — @b - é'klﬂ (517)
to convert (4.40) to a very similar identity to break the F-cycles (5.15),
(14812m) C(12m) (€) = M2 (€) (5.18)

m n

-y 3 (—1ymt <_£ ky 4 Y @b+ Vb> Fi,p.

b=2 pe{2,3, b—1} i=m+1
w{m,m—1,-- ,b+1}
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The linear combinations of chains (5.13) analogous to (4.41) are given by

Mlgm(g) = Z Z (—1)m_b<zsib 8r]b_zsib ani+(1+512---m)vl(7]b, 77b+1,--~,m+£)

b=2 pe{2,3,--- b—1} =1 i=2
w{m,m—1,--- ,b+1}

b—1 m
—gW(m) — > Sipv1 (M, M1, p=1) — D Sipv1(mhs 77b+1,b+2,~--,z‘)> Fi,p
i—2 i—=bt1

+ Z (—1)m+u+v+w (’01 (77u+1,-~~ aw—1s — N, ,w—l) =+ 1 (77“,... awy —Nu+1, ,w)) (5.19)
1<p<u<v<w<g<m-+1

m P
X (Z Svi + Z SUi) Z Z Fl,p,v,o )
i=q 1=1 pe{2,3,~ ,pru{m,m—1,- q} ce{v,utw{r,w}
vye{p+1,p+2, u—1}w{v—1,0—2, ut1}
re{v+1,0+2, w—1}w{g—1,¢—2, ,w+1}
see figure 4 for an illustration of the nested sums over ordered sets p,v,m, o and (4.38)
for the definition of S;,. In other words, the total Koba-Nielsen derivatives V; in the
doubly-periodic case (4.40) completely determine the new class of terms /¢-k;, involving
the loop momentum of chiral splitting. One can view the closely related formulae (4.40)
and (5.18) as different manifestations of the same combinatorial principle of cycle-breaking.
The substitution rules (5.17) will also be applied in sections 6.4 and 6.5 to convert F-IBP
reductions of multiple 2-cycles to those of F'-cycles.
While the total Koba-Nielsen derivatives Vj(...) in (4.40) can be discarded due to
double-periodicity of Qq,qs,..., the total derivatives Vj in the chiral-splitting counterpart (5.18)
generically lead to non-vanishing boundary terms (5.10).

5.2.2 Length-two examples and elliptic functions

The two-point example of (5.18) in presence of an n-point chiral Koba-Nielsen factor reads

- 1 - n .
Clu(©) = 175 (Ma(©) + € FaFiolm) — Fua(m) Y- smiol)) ~ aFia(m) ) (520
=3
with
Miy(€) = (5126772 — g (m2) + (1+s12) 01(7]275)) Fia(n2) . (5.21)
The generating functions (4.47) of the elliptic Vi,(1,2,---,m) can written in terms of either

Q-cycles or F-cycles. Hence, the manipulations of F-cycles in this section offer an alternative
to the breaking of V,,,(1,2,--- ,m) via (4.51), (4.52) and (4.40). More speficially,

Vm(17 2) e 7m) = C(12m) (S)Hngmg 7772”60 (522)

together with (5.18) leads to F-IBP decompositions of cycles of 91(]1 ) into F-chains and
boundary terms specific to chiral splitting.

At two points, combining (5.20) with (5.22) implies

1

(W) geo + o -k = g Y saiall) ~ Tagll)) (529
1=3
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with

M”@)Hng,&o = 5128”2F12(772)|n8 - 9(1)(772)F12(772)|ng + (1+s12) 11 (772’773)F12(n2)”178,£°
= 25190\Y + Go, (5.24)

where the total Koba-Nielsen derivative Vs gg)

leads to non-trivial boundary terms by the
B-cycle monodromy lA)ggg) = 2mi, see (5.11). Note that the manifestly doubly-periodic

analogue of (5.23) can be found in (4.56).

5.2.3 Reformulation of the meromorphic single-cycle formula

The F-IBP formula (4.40) to break cycles of €;;(n) was reformulated in (4.70) such as to
single out an arbitrary z, with a = 2,3,...,m instead of z;. We can similarly rewrite the
meromorphic counterpart (5.18) of the single-cycle formula in a more flexible form,

(14512-m) Cl12.m)(€) = Mg (€) (5.25)
-3 3 (- (—Wfb + > dt @b) Fopbs
b=1  peAwBT i=m+1

b#a (4,A,b,B)=I,,

where the special leg 1 in (5.18) is replaced by a general one a € {1,2,--- ,m}. As before,
the summation range defines the ordered sets A, B by matching (a, A,b, B) = (1,2,--+ ,m) =
(a, A,b, B) up to cyclic transformations i — i+1 mod m. At m = 2, for instance, as a
comparison with (5.20), we also have

~ 1
C(12)(5) = 1+ 519

(Mlz(f) — 0 k1 Fia(n2) + Fia(m) ) Sligﬁ) + @1F12(772)) . (5.26)
i=3

The reformulation (5.25) will be applied to break products of F-cycles in section 6.4.

6 Breaking of two or more cycles

This section is dedicated to applications of the single-cycle formula (4.40) to reduce Koba-
Nielsen integrals over more general arrangements of Kronecker-Eisenstein series to the
conjectural chain basis. Our focus is mainly on products of two isolated €2-cycles,

C(12---m) (gl)C(erl,erZ--n) (62) ) (61)

though pioneering examples of triple cycles are discussed in subsection 6.5. The approach of
this section is to break down the cycles one by one using the single-cycle formula. However,
the second term of (4.40) introduces factors of z; j = s;; fz-(jl) which connect the chains from
the broken cycle with the unbroken cycle. The resulting f-) chains ending on a leg of the
unbroken cycle are visualized through a tadpole graph in figure 6 and require extra care in
identifying the appropriate F-IBP manipulations that break the second cycle.

The f-Q tadpoles in figure 6 are still amenable to the single-cycle formula (4.70) which
eventually leads to an expansion of the product of two cycles in (6.1) in an (n—1)!-element
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Figure 6. Tadpole graphs resulting from the breaking of the first cycle C1...p,)(§1) in (6.1) via (4.40).
Similar to figures 2 and 3, solid lines between vertices a and b refer to Kronecker-Eisenstein series
with first argument z,, (with dashed lines to refer to an indefinite number of them). The dotted line
represents the factors of fi(jl) connecting the legs i € {2,3,...,m} of the broken cycles with those of
the unbroken one, j € {m+1,...,n}.

chain basis. In some cases, cycles involving all the n legs of both cycles and two insertions
of fi(jl) may appear in intermediate steps, see the last line in the compact formula (6.25)
below for the chain reduction of the two cycles in (6.1). Nevertheless, these cycles are readily
eliminated using the results of earlier sections and illustrate that the elimination of multiple
cycles is most conveniently approached with a recursive strategy.

We start by illustrating the general strategy via special cases of (6.1), namely two cycles
of length two in section 6.1 as well as two cycles of length m and two in section 6.2. After
addressing two cycles of general length in section 6.3, later subsections elaborate on F-IBP
reductions of the meromorphic analogues of the cycles in (6.1) as well as the elimination of
products of three cycles at six and seven points. The Koba-Nielsen derivatives discarded
in this section are reinstated in appendix B, and the treatment of an arbitrary number of
cycles is presented in a companion paper [49)].

6.1 Two cycles of length 2 and 2

The simplest instance of the product (6.1) of two Kronecker-Eisenstein cycles occurs at
n = 4 points,

C12)(§1)C3a)(§2) = Q2(m2+E€1) Q21 (§1) L34(Ma+E€2)Qu3(E2) - (6.2)

Here and in the next two subsections, the products C(12...;)(£1)C(m1,m+2.-n)(§2) are under-
stood to occur in a string integrand along with the Koba-Nielsen factors in (2.27). Hence,
we drop the total Koba-Nielsen derivative C(34) (&2)Va12(n2) = Vo (C(34) (&2)Q12 (772)) when
breaking the first cycle C(19)(£1) via (3.7),

(1+512)C(12)(€1)C 34y (§2) 2P Mi5(1)C34)(€2) — Q12(n2)22,34C 34y (§2) 5 (6.3)

where M;2(&1) is given by (3.6) and free of cycles. Here and in the rest of this work, we
use the shorthand notation

XTip = Z Lij 5 (6.4)

JEP
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where a set P in the subscript of z;. encodes a sum over its elements j € P, e.g. 2934 =
x23+w24. To address the first term on the right-hand side of (6.3), we can safely employ the
relabeling of (3.7) to break the second cycle C(34)(§2) = Q34(na+E2) u3(82),

(1+534)C(34)(§2) = M34(&2) — Q3a(na)za,12 — Vallza(na) , (6.5)

with
Msy(&) = ((1+$34)v1 (14, &2) + 5340y, — §(1)(774)>934(774)- (6.6)

This time, the Koba-Nielsen derivative in the last term of (6.5) can still be dropped.
The last term on the right-hand side of (6.3) requires extra caution in view of the
f-Q chains ng(ﬁg)féil) with 7 = 3,4 that are attached to the cycle C(34)(£2) through z3 or

z4. The first of the resulting tadpoles Q;2(n2) fQ(;)C(M) (&2) can still be broken by literally

following (6.5) since the V-derivative in the last term does not interfere with f%):

IBP

Qo (n2) f33) Va4 (1) = Va(Qua(n2) f53 Qaa(na)) = 0. (6.7)

However, the second tadpole ;2(n2) fz(i) C'(34)(§2) necessitates a reformulation of (6.5) without
reference to V4 since

£ VaQ34(n1) # Va (£33 Qsa (1)) - (6.8)

Following a relabelling of (4.71), we interchange the role of z3 and z4 and break the second
cycle Czy(§) via

(14534)C34)(€2) = M34(&2) + Q34(ma) 73,12 + V3Q34(n4) , (6.9)

leading to

féi)(1+534)0(34) (&) = fiy (M34(&2) + Q34(na)z3,12) + V3(f2(i)934(774)) - (6.10)

By assembling the results of the above IBP manipulations and discarding total derivatives
such as Vg(fQ(i)Qg4(7]4)) in (6.10), we conclude that

(1+s12)(1+534)C12)(€1)C(34)(€2) 2 Mis(61) M (&) (6.11)
— Mi2(&1)24,12234(14) — 2,3a8212(12) M34(&2)
+ (o341 — 2.423,1) Q12(n2) 234 (N4) -

We note that the right-hand side manifests the symmetry of the left-hand side under ex-
change of the two cycles C(12)(£1) and C(34)(§2), i-e. under (21, 22,7m2,81) <> (23, 24,14, §2)-
Accordingly, the outcome of (6.11) would take the same form if the cycles had been broken
in reverse order, starting with C34)(&2) instead of C(12)(£1). A schematic representation of
the sequential breaking of the cycles carried out in this section can be found in figure 7.
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Figure 7. Graphical representation of the products of the Kronecker-Eisenstein series (solid lines)
and factors of fi(jl) (dotted lines) in the chain decomposition of the product of length-two cycles
C(12)(£1)C34)(§2). The arrows indicate applications of the two-cycle IBP relation (3.7) to break the
cycles, starting with C(12(&1)-

6.1.1 Basis decomposition of the single-cycle terms

The two terms in the last line of (6.11) feature new f-Q cycles of length four and do not
yet line up with the desired chain form. However, they arise from the expansion coefficients
of single cycles C(1934)(§) and Cy243)(§) whose F-IBP reduction to chains has already been
accomplished in section 4.2.2. This can be exploited by rewriting €219 fz(;)Q?A fﬁ) in the
last line of (6.11) as

Qs () £33 s () F17) = Q12.(112) Q23(C2) 34 (14) 241 (C1) o0 (6.12)
1752
By the prescription (4.30) to break length-four cycles, this simplifies to
(1+51234)Q12(n2) 23 (C2) 234(14) Q241 (C1) (6.13)
IBP
- M1234(§)|77234+E—>77277734+§—>C2,774+§—>774,§—>C1

=: M934(2, C2, M4, C1)

where M934(&) is given by (4.31) and free of cycles. Hence, we arrive at the following final
result for the chain decomposition of the simplest double cycle C(12)(£1)C34)(&2):

(14512)(14534)C(12)(£1)C34)(&2) (6.14)

2P Mi9(&§1) M34(&2) — Mi2(&1)24,12234(1n4) — 22,34Q12(n2) M34(&2)

n 593541 M1934(12, Ca, M4, C1) + 524531 M1243 (112, C2, =74, C1)
1+ 51234

00"

6.1.2 Application to Kronecker-Eisenstein coefficients

The applications of the above results to the Kronecker-Eisenstein coefficients occurring in
actual string integrands are straightforward. For instance, we can use (6.11) to break the
two f-cycles in the integrand Va(1,2)V2(3,4) of the non-planar four-point one-loop amplitude
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Figure 8. Graphical representation of the products of the Kronecker-Eisenstein series (solid lines)
and factors of fl—(jl) (dotted lines) in the chain decomposition of the product C(12)(£1)C3...n)(§2). The
arrows indicate applications of IBP relations (3.7) and (4.40) to break the cycles.

in the gauge sector of the heterotic string [23],

(1+812)(1—|—834)V2(1, 2)‘/2(3,4) (6.15)
IBP
M5 (&) 0£0M34 &)|| 0.0 M12(§1)|’ngﬁgg$4,12934(774)\n2

- 3?2,34912(?72)|UOM34 &) Hno T (zo3w41 — 3?2,436371)912(?72)|noQ34(774)’,70 ;
2 41752 2 4
= Gg + GQ (2312f1(§) + 2834f3§421) + 814f1(i)f:§i) - 523f1g)f2(;) - 524f1(%)f2(i) + 324f2(i) éi))
— 2530 f57 F1) (523153 + 520 f58)) + 251013 Fi1) (52005 + s1afiy)) + dsiassafia) f37)

+ 513824f1(%)f2(i)f4(?1) (1) + 314323f12 f23 fzgi) ﬁ) :

The length-four cycles 313524f12 f24 fi?l))f31 and s14523f; 1)f23 f34 f in the last line can be
rewritten in terms of the elliptic Vj-function in (4.48), f12 f23 ) ﬁ) =Vi(1,2,3,4) +

where the terms in the ellipsis are free of cycles. Then, Vj(1,2,3, 4) can be decomposed into
chains using (A.1), and the same applies to its relabelling V4(1,2,4,3) due to ffé)fg(i)figl,)fﬁ)
n (6.15). The outcome of this procedure is consistent with the IBP reduction of the Koba-
Nielsen integral of V5(1,2)V5(3,4) in the literature and related to the results in appendix D

of [23] via Fay identities.

6.2 Two cycles of length 2 and m

We shall now generalize the IBP reduction in the previous section to more general products
C(12)(€1)C(34...n) (§2), Where the length m of one cycle is arbitrary, in this case m = n—2 > 2.
As schematically shown in figure 8, we first break the length-two cycle,

(1+512)C(12)(£1)C(34..n) (€2) = Mi2(61)Cza.m) (€2) — Q12(n2) Caan) (§2) D w20 (6.16)
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For the first term on the right-hand side, we can break the longer cycle by directly substi-
tuting (4.40) with a relabeling {1—3, 2—4, --- , m—n=m+2}. However, for the last term
in (6.16), we need to break the cycle C(34...,)(§2) in different ways based on the attach-

ment points a € {3,4,--- ,n} of xa,. In this case, it is convenient to use the reorganized
formula (4.70) with a relabeling {1—3, --- , m—m+2},
IBP
1‘27,1(14-334...”)0(34_,,”)(§2> = $27QM34...n<fg) (6.17)
n
- Z Z (_1)|B‘x2,aﬂa,p,bmb,12 .

b=3 A BT
pPEALL
b#a (4, A,b,B)=(34,...,n)

The terms w2 42, ,pTp2 cancel each other when we sum over all a,b € {3,4,--- ,n} with
a # b as prescribed by (6.16), and we obtain

(14512) (1+834.0) C12) (61)Caaooy(€2) "= Mo (61) Mia..n (62) (6.18)
— M3y.n(£2)Q2(12) Y @20 — Mia(61) D D (1) ,pm312
a=3 b=4 pc{4, - b—1}
w{n,n—1,-,b+1}
+ Qua(m2) D > (—1)!5l Qo pp(T2,0Tp1 — T2 Ta1) -
3<a<b p€AWBT

(a,A,b,B)=(3,4,...,n)

The first two lines are free of cycles, and the last line contains f-Q2 cycles Q12(12)%2,0 2. p,p%b,1
of length n which we already know how to break. Again, reversing the order of breaking
the cycles C(12)(£1) and C(34...,)(§2) does not change the form of the outcome of the F-IBP
reduction. When specializing the length of the second cycle to m = 2, the ordered sets p
in the last two lines of (6.18) are empty, and we reproduce (6.11). Additional examples
at m = 3,4 will be given below.

6.2.1 Example at n = 5 points

For cycles of length two and m = 3, (6.18) reduces to

(1+512) (145345) C(12) (€1) C(345) (§2) Y Mio(61) Mias (&) (6.19)

— Q12(n2) Mi3a5(£2) w2 345 — M12(&1) Q3457512 — Q35424,12)
+ Qua(n2) (223751 — 2253,1) Qaas + (T2,4231 — X2,3%4,1) D354

+ (22,5041 — T2425,1) Qu35)

which can for instance be applied to simplify the integrand V»(1,2)V3(3,4,5) of five-point
heterotic-string amplitudes.
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Figure 9. Graphical representation of the products of the Kronecker-Eisenstein series (solid lines) and
factors of fi(jl) (dotted lines) in the chain decomposition of the product C12...;m)(§1)Cm+1,m+2...n) (§2)-
The initial two arrows demonstrate the use of IBP relations, specifically those in (6.21) and (6.23), to
break the cycles. The concluding arrows elucidate the simplification process that leads to (6.24).

6.2.2 Example at n = 6 points

For cycles of length two and m = 4, (6.18) reduces to

(1+812)(1+53456) C(12) (§1) C(3456) (€2) B Mo (€1) Miass (&) (6.20)
— M3456(€2) 23456 12(n2) — (Q3a5626,12 + 36542412 — (R3465+3645) T5,12) Mi2(&1)
+ Qi2(n2) (22,361 — x2,623,1) 3456 + (T2,3741 — T2.4731) V3654
— (@2,3751 — x2,523,1) (3465 + N3645) + (T2.425,1 — T25T4.1) Qaz65

+ (225261 — T2,675,1) Dsase — (v2,476.1 — T2674,1) (Qass6 + Las536))

which can for instance be applied to simplify the integrand V5(1,2)V4(3,4,5,6) of six-point
heterotic-string amplitudes.

6.3 Two cycles of general length

As a further generalization of the previous F-IBP reductions, we shall now consider the
most general product C(19...;)(&1)Cm1,m42,- n) (§2) of two cycles of arbitrary length m and
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n—m > 2. As schematically shown in figure 9, we start by breaking C';3...m)(£1),

IBP

(1+512---m)C(12‘..m)(gl)C(m-‘rl,m—&—Zn,’n)(é—g) = M12”'m(£1)c(m+1,m+2,m,n)(é-Z) (621)
B Z Z (_1)mib91’ﬂvb Z Ty i Clmt1,mt2, n)(€2) -
b=2 pe{2,3, b—1} j=m+1

w{m,m—1,--- b+1}

The next step is to break the second cycle C(,41 m+2,... n)(€2) according the attachment

point j € {m+1,...,n} of the factors x;; in the second line,
IBP
Ty (1+8mr1,m+2,-n) Clma1,me2, m)(§2) = o i Mmi1m+2,.-n(82) (6.22)
n m
- > > (D)2 1 Qo Y T
p=m+1 ceXwy T k=1
P#j (5,X.pY)=(m+1,m+2,....n) k#b

Combining the above two equations, we get

(14 812m) (14 S04 10) C19-m) () Clms 1 ) (€2) 2 M (1) Mot (62)

n m
— Mig.n(&1) Y Yo D) g10p Y Tk (6.23)
p=m+2 oce{m+2,m+3, p—1} k=1

uJ{?’L,?’L—l,"' 7p+1}

= Moiimi2,n(62) Y > (=)™, > ay

b=2 pe{2,3,-- ,b—1} Jj=m+1
w{m,m—1,-- b+1}

+> S (=D, Y S ()M Q00 S ap

b=2 pe{2,3, b—1} Jp=m+1 ceXxwy™ k=1
u_l{m,m—l,~~ ,b+1} j;ép (j,X,p,Y):(m—‘rl,m+2,...,n) k#b

The first three lines are readily seen to be free of cycles and symmetric under exchange
of C(19..m)(&1) and C(y41 m+2,... n)(&2). However, this exchange symmetry is not manifest
in the last line: new f-Q cycles are formed, with lengths ranging from n—m+1 to n, and
they may have Kronecker-Eisenstein chains attached to them. In order to simplify the last
line of (6.23) and expose its symmetries, we exchange the summation variables b and k and
subsequently take their average. By virtue of (4.68), we rewrite the last line of (6.23) as

Z Z Z Z (_1)|B|+‘Y‘Qa,p,b l‘b,jﬂj,a,p Tp.a (6.24)

a,b=1 j,p=m+1 p€EALBT ceXwYy T
a<b  J#EP  (a,Ab,B)=(1,2,...,m) (7,X,p,Y)=(m+1,m+2,...,n)

1 m n
9 Z Z Z Z (_1)‘B‘+|Y|Qa7p7b 2,j8¥,0,p Tpa -

a,b=1 jp=m+1 pEALBT geXwy T
a#b  J#FP  (a,Ab,B)=(1,2,...,m) (7,X,p,Y)=(m+1,m+2,...,n)
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Hence, our final formula to break two cycles of arbitrary length is given by

IBP
) =

(14812-.m) (1+8m41-0) C(12..m) (§1) Clmp 1. ) (€2 Miz..n(&1) My 1. n(&2)

— Mig.m(1) S D)0 Z Tpk (6.25)

p=m+2 oce{m+2,m+3,- p—1} k=1
w{n,n—1, p+1}

— Mo imi2,n(62) Y > (=)™ L > ay

b=2 pe{2,3, ,b—1} j=m+1
w{m,m—1,--- ,b+1}

m n
Z Z Z Z (_1)|B|+|Y|Qa,p,b i .0 Tp.a s
a,b=

Jip=m+1 pEAWBT ceXuwy T
a b J#P  (a,A0,B)=(1,2,....m) (,X,p,Y)=(m+1,m+2,...,n)

l\')\»—t

where the f-Q) cycles of length n in the last line can be broken by isolating suitable components
in the Laurent expansion of (4.40). As indicated by the equivalence relation 1B , total Koba-
Nielsen derivatives have been discarded on the right-hand side whose explicit form can be
found in appendix B. As before, the right-hand side of (6.25) would take the same form if
the cycles had been broken in reversed order.

At length m = 2, the sets p in the last two lines of (6.25) are empty, which implies
that €21, in the third line becomes $212(72), and €, in the last line becomes ££212(72).
Therefore, we can see how the specialization of (6.25) to m = 2 reproduces (6.18). Applications
of (6.25) to products Vp,(1,2,--- ,m)Vy_m(m+1,--- ,n) in actual string integrands are
straightforward, see (6.15) for an example at (m,n) = (2,4).

6.3.1 Example with two cycles of length three

The simplest example of our general result (6.25) for products of two cycles that has not
been covered in section 6.2 is the IBP reduction of C(123)(£1)Cas6)(€2) at n = 6 points,

(1+5123) (1+8456) C(123) (§1) C456) (€2) 2 Mos(61) Muss (£2) (6.26)
— Mi23(&1) (626,123 — Quess,123) — (Q12323,456 — R13222,456) Muse(£2)
+ Q123056 (14236 — T1,673,4) + L123Q465 (T1,5C34 — T1,4235)
+ Q1230546 (71,6735 — 11,573,6) + 21322456 (21,672,4 — T1,472,6)
) + Q1320465 (71,4725 — T1,5T2,4)
) (w2 )
) -

+ Q213056 (12,6734 — 12473 6) + 2213465

(

+ Q1320546 (T1,522,6 — T1,672,5
( 24735 — L2534
(22

+ Q213546 (72,573,6 — 12,6735

6.4 Two F-cycles

The procedure to break two meromorphic F-cycles in (5.15) is similar to that of Q-cycles,
with the additional consideration of terms involving ¢-k;, when applying (5.25). We shall
first demonstrate this with a four-point example and then state a general result for arbitrary
lengths of the two cycles.
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For a product of two length-two cycles, C~’(12) (&1) = Fi2(n2+£&1) F21(&1) and C~'(34) (&) =
F34(ns+&2)Fy3(&2) at n = 4 points, we start by breaking the F-cycle C’(m) (&1) via (5.20),

(1+512)Cl12)(£1) C 34y (&2) = Mi2(61)Czay(&2) (6.27)
+ (L — E2,34) Fi2(12) C3ay (&2) — Va(Fi2(n2) Czay (&2))

where Z; ; is defined by (5.6). We then proceed to breaking the second cycle in two different
ways, depending on the attachment points i = 3,4 of the products 33271-6’(34) (&2),

(1+s12)(14534)C19) (61) Can) (&2) = (Mh2(&1) + Fra(mp) (G — T23) — VaFia(m2))
X (Msa(€2) + Fsa(na) (ks — F4.12) — VaF34(n1))
— Fio(n2)@2.4(Ms4(€4) + Faa(na)(F312 — £-k3) + V3Fsa(ns)) . (6.28)

This can be rewritten as follows

(1+512) (1+534) C(12) (§1) C 30y (€2) = Mi2(&1) Misa (&) (6.29)
— M2(€1)Z4,12F34(na) — F2,30F12(n2) M34(&2)
+ (Z2,3%4,1 — T2.4%31) F12(n2) F34(n4)
+ Mi2(61) Faa(na) €-kg + Msa(E2) Fia(n2) £-ko + Fia(n2) Fya(na) €k €-ky

) (ZTo,4C-k3 — ZTap2l-ko — To30-ka)

11)(T2,3 — £-k2) — M2 (1) Fa(14))

m2)(Za12 — C-ka) — Mg (&) Fia(n2))

N4)%2.4) + VoV (Fi2(n2) F34(n))

+ Fia(n2) F34(n4)
+ V4(F12 F34

where the first three lines are free of £ and related to (6.11) by M;;(€) + M;;(€) as well
as Fjj(n) < Qi;(n) and Z;; <> z;; as expected. The symmetry of (6.29) under the ex-
change (z1, 22,m2,&1) <> (23, 24, 4, §2) of the cycles is not fully manifest: the loop-momentum
dependence in the fifth line differs from its image under the exchange of the cycles by a
term ~ g4 {-(k1+ko+ks+ks). Following the discussion below (5.3), translation invariance
of the chiral Koba-Nielsen factor requires Z?:1 l-k; = 0 which establishes the expected
exchange symmetry.

The total Koba-Nielsen derivatives in the last three lines of (6.29) yield boundary terms
by the application of Stokes’ theorem as in section 5.1.2. They cannot be discarded in a
closed-string context since the primitives ~ Fio(12)F34(n4) of the V, in (6.29) have B-cycle
monodromies and therefore yield a non-vanishing right-hand side of (5.11).

6.4.1 Generalization to cycles of arbitrary length

The additional ¢-dependence in the four-point example (6.29) which is absent in its doubly-
periodic counterpart (6.11) can be easily generalized to cycles of arbitrary length. For the
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product of two arbitrary F-cycles C._(€) defined by (5.15), we have
(1+812.m) (1+8mt1,0) C120m) (€ Cmart o ) (€2) = Mizean (1) M1 n(&2) - (6.30)

o i Z (=prm <§: Tpp — Lkp+ @p> (Fm-i-l,cr,le?-“m(fl))

p=m+2 oce{m+2,- ,p—1} k=1
w{n, ,p+1}
m n n
DD DL DY >
b=2 pe{2,-,b—1} j=m+1p=m+1 ceXwy T
w{m,- ,b+1} P#i (5,X,p,Y)=(m+1,m+2,...,n)

x (—D)YN(0-ky — V) (F1 b0, Fjop)

-S> > (—Um_b( S Fy— Lk + @b> (F1ppMmi1ms2,. n(£2))

b=2 pe{2,-,b—1} j=m+1
m n
> > Gyt Y )
b=2 pe{2,- ,b—1} p=m+2 oe{m+2,-- ,p—1}
m
X (=) Pl ky — Vi) KZ Ipp — Lhp+ Vp> (Fl,p,meJrl,a,p)}
k=1
1v- v BV s @ -
+ 2 Z Z Z Z (—1) FopbZo,jFjopTpa-
a,b=1 j,p=m+1 p€ALBT oceXwYT

a#b  JFEP  (a,Ab,B)=(1,2,...,m) (7,X,p,Y)=(m+1,m+2,...,n)

Apart from the last line, all terms not containing V, on the right-hand side are free of
(1)
]
the single-cycles Fy, , T jFj o pTp,qa in the last line can be broken using (5.18), by isolating

F-cycles or combined cycles of Fj;(n) and g;;”. Similar to the doubly-periodic case in (6.25),

suitable terms in the Laurent expansion.

Following the substitution rules (5.17), any V, in (6.30) can be anticipated from the
total derivatives V; in the F-IBP reduction of two (-cycles in appendix B. Moreover, the
rules in (5.17) imply that the V, always appear together with £-k;, with opposite signs. As
discussed below (6.29), the total Koba-Nielsen derivatives V, yield boundary terms by the
B-cycle monodromies of the respective primitives.

6.4.2 Example at n = 5 points
Specializing (6.30) to m = 2 and n = 5 yields the following meromorphic analogue of (6.19),

(1+s12) (145345) C12) (1) Craas) (€2) = (r-hs. of (6.19)] 2 v vy o pasp)  (6:31)
+ Miu5(£2) (€ ky — Vo) Fia(n2) + Maa(&1)((€-ks — V) Faas — (£-ka — Vi) Fi54)
+ (U-ky — V) Fia(n2) ((6-ks — V5 — Z5.12) Faa5 — (0-ky — Vi — 74.12) F354)
+ Fio(n2) Faus (Z2,5(0-ks — Vs) — &2,3(0-ks — V5))
+ Fio(n2) Fasa(F2,3(6-ka — Vi) — F2.4(L-k3 — V3))
+ Fio(n2) Fugs (Z2,4(C-ks — Vs) — Zo5(0-ks — V),

see (6.29) for its four-point counterpart.
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6.4.3 Example at n = 6 points

Specializing (6.30) to m = 2 and n = 6 yields the following meromorphic analogue of (6.26),

(145123) (1+5456) C(123) (§1) Case) (€2) = (r-hus. of (6-26)], .z ar—n7. 0 F) (6.32)
+ Mia3(€1) (0-ke Fasg — £-ks Fags) + (£-k3 Fiog — £-ko Fi30) Miyse(&2)
+ (0-ks Fio3 — £-ko Fi32) (¢-kg Fase — {-ks Figs)
+ [(f&ﬁ O-ky — Zga23l-ks — T34l -ke)FrosFyse + (T350-ke — Z36(-ks ) Fia3Fsae
+ (T5,1023 0-k3 — T35 0-ky + T34 L-k5 ) Fia3Fyg5 — (2 < 3)}

+ (total Koba-Nielsen derivatives),

where the total Koba-Nielsen derivatives can be reinstated by substituting ¢-k; — f'ki—@i
acting from the left on the accompanying functions of z;. Double derivatives due to bilinears
in 0-k; (say V3V Fi23Fyse due to bks Fioslke F56) do not introduce any ordering ambiguities
in view of @Z@j — @]@Z = 0 for any pair i # j.

Similar to (6.29), the first three lines on the right-hand side of (6.32) are manifestly
symmetric under exchange of the cycles, i.e. under (21, 22, 23,12, 113, &1) <> (24, 25, 26, M5, N6, £2)-
The fourth and fifth line in turn share this symmetry up to

0-(k1+kot - - - +ke) (FrosFuseZs6 — FisoFuseios — FiasFues¥ss + FisaFugsTas), (6.33)
which vanishes by translation invariance of the chiral Koba-Nielsen factor.

6.5 Towards triple cycles

We conclude this section with a glimpse of F-IBP reductions of triple cycles, following
the earlier approach of sequentially breaking the cycles and prioritizing the breaking of
tadpoles. Even though larger numbers of cycles do not introduce any conceptual challenges,
the combinatorial complexity increases. In a companion paper [49], we provide systematic
methods for breaking three or more cycles as well as more general configurations of Kronecker-
Fisenstein series by introducing new terminologies and applying combinatorial tools beyond
the scope of this work to simplify the expressions.

6.5.1 Doubly-periodic cycles at six points

By extending the techniques of section 6.1 to a third cycle of length two, we derive the
following six-point result:

(1+s12) (1+530) (14+556)C12) (§1) Clan) (§2) Cis (S3) = Mia(€1) Misa(§2) M (&) (6.34)
— Mi2(&1) M34(82)25626,1234 — Mi2(€1) Ms6(£3)23474,1256 — M34(E2) Ms6(£3) 21272 3456
+ Mi2(£1)234Q56(24,12%6,1234 + T4,5T6,12 — T4,6T5,12)
+ M34(&2)2128256(22,3476,1234 + 12,576,314 — T2,675,34)
+ M56(£3) 212034 (22 5624,1256 + T2,3T4,56 — T2,423 56)

)

+ (1+512)C12) (§1) 234256 (T4 56,3 — T4,6753)
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+ (1+534)C 34 (§2) 2128256 (72,5761 — T2,675,1)
+ (1+356)C(56) (§3) 212234 (72 3741 — ¥24731)
+ Q12034056 (21,422,673 5 + T1,5T2423,6 — T1,6224L35 — T1,42,53.6

+ T1,6%2,3%4,5 — T1,3%2,6%4,5 — L1,5L2,3%4,6 + L1352 5L4,6) -

While the first five lines on the right-hand side are already in the desired chain form, the
remaining lines feature two types of cycles of lower complexity:

o In the third to fifth line of (6.34) from below, each term is a product of a length-two
cycle C(;;)(€) and a f-Q cycle Qqpxp gy q of length four. Their decomposition into
the chain basis follows from Laurent expansion of (6.20) in its bookkeeping variables.

o The last two lines of (6.34) feature single-cycles Q4pxp (Qci®d eesr s, of length six
whose F-IBP reduction is determined by (4.40).

Hence, by importing results of earlier sections, the entire right-hand side of (6.34) can be
reduced to expansion coefficients of the conjectural chain basis €21 ,23456) with p € Ss.

6.5.2 Doubly-periodic cycles at seven points

The methods of deriving (6.34) can be straightforwardly extended to the following seven-
point case,

(1+s12)(1+534) (1+8567) C(12) (§1) C34)(§2) C567)(§3) 2 M2 (61) Mia(€2) Misgr (€3)
— Mi2(&1) Mse7(€3) Q342412567 — M34(E2) Mse7(£3) 1222 34567
— Mi2(&1) M34(&2) (256727,1234 — 57626,1234) (6.35)

+ [M12(§1)Q34 ($4,12(9567$7,1234 — Q57676,1234) + a,5(Qs6727,12 — L576%6,12)
+ 24,6(Qe7575,12 — Q65777,12) + T4,7(Q756T6,12 — 97651»‘5,12)) + (12 © 34)}
+ M67(£3) 2128234 (22,5677 4,12567 + T2,3%4,567 — £2,473,567)
+ [(14-834)0(12) (€1)234(Rs67(24,5773 — Ta7253) + Q576(T4,6T53 — T4,576,3)
+ Qe57(T4,776,3 — T4627,3)) + (12 & 34)]
+ (1+5567) C(567) (§3) 2128234 (72,3741 — T2,4731)
+ Q12034 [(961,4 (xo,7x35 — T25%3,7) + 1,7 (T23%Ta5 — T24235)
+ w15 (v24737 — T23747) + 1.3 (T25Ta7 — T2,7T45) )9567 + cye(5, 6, 7)] :
While the first six lines on the right-hand side are term-by-term in chain form, we have

 products of two cycles (lengths 2+5 and 3+4) in the third to fifth line from below which
can be broken via Laurent expansion of (6.25);

o single-cycles of length seven in the last two lines which can be broken via (4.40).

This example illustrates once more that a recursive approach in the number of cycles is well
adapted to the F-IBP reduction of multiple cycles.
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6.5.3 Meromorphic cycles at six points
As a last case study of triple cycles, we shall spell out the meromorphic analogue of the
six-point F-IBP reduction in (6.34)

z—&,C—C, )

(1+512) (14534) (14556) C12) (€1) C3a) (€2) Crse) (€3) = (r-hus. of (6.34) ML O F
+ [M12(§1)M34(§2)5‘/<76F56(776) + Mo (&1)€ ksl kg F3a(na) Fsg(16) (6.36)
+ Mo (1) (€-ksZag — £-kadis 1034 — £-keTa125) F34(na) Fre(n6) + cyc(12, 34, 56)}
+ Fia(n2) F34(n4) F56(n6) (ﬁ'k%'kﬂ'kﬁ —U-kol-ksZe 1234 + L -kol-ksZae — L-kol-keTa125
+ 0-k3l-keTog + L-kal-ksTopg — L-kal-keTo3s + L-ke(T23Ta5 — 2435 + T2,5T4,1256)
+ 0-ks(T2,4%36 — T2,3%4,6 — T2,6T4,1256) + £-ka(T25T6,3 — T2,6%5,3 + T2,3%6,1234)
+0-k3(To,6T54 — T2,5%6.4 — T24T61234) + L ka(Ta 5612 — Ta,6T5,12 + 554,1292‘6,1234))

+ (total Koba-Nielsen derivatives) .

Both the second and the third line are manifestly symmetric under cyclic permutations
of the three cycles, i.e. the associated groups of variables (z1, z2,m2,&1), (23, 24, 14, &2), and
(25, 26, M6, £3). Lines four through seven, by contrast, only share this symmetry in the cycles
after imposing the corollary Z?-:l {-kj = 0 of translation invariance of the chiral Koba-Nielsen
factor. Manifest permutation symmetry in C(12)(€1), C34)(§2), C(56)(€3) can of course be
enforced by averaging (6.36) over permutations of the cycles.

Similar to the discussion below (6.32), the total Koba-Nielsen derivatives in the last line
can again be reinstated by replacing ¢-k; — ¢-k; — V;. This is unambiguous for any number
of factors (-k; since any pair of V;, @j commutes.

7 Conclusions and outlook

In this work, we have significantly advanced the integration-by-parts methodology for one-
loop string integrals of Koba-Nielsen type. Specifically, we have reduced cyclic products of
Kronecker-Eisenstein series and their coefficients f (w)(zi—zj, 7) into conjectural bases of one-
loop string integrals built from Kronecker-Eisenstein products of chain topology [24-26]. Our
results not only furnish strong validations of the chain bases in the references but also provide
explicit formulae for the basis decompositions of one or two cycles of Kronecker-Eisenstein
series of arbitrary length. A companion paper [49] will

e provide a Mathematica implementation of our main formulae,

o extend the recursive approach of this work to arbitrary numbers of Kronecker-Eisenstein
cycles and identify the combinatorial structure of their integration-by-parts reduction,

e address more general configurations of Kronecker-Eisenstein series and coefficients
besides cyclic products, to be represented via tadpoles, multibranch and even connected
multiloop graphs.
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As a first motivation for the detailed integration-by-parts reductions in this work, they can
be applied to low-energy expansions of one-loop string amplitudes in bosonic, heterotic
and supersymmetric theories. For the one-loop basis integrals of chain topology, differential
equations in the modular parameter 7 led to powerful expansion techniques for open strings [24,
25] and for closed strings [30], supplemented by the Mathematica package [73]. The results
of this work and [49] allow to swiftly export these expansions of chain integrals to string
amplitudes in their more basic representation involving cyclic products of Kronecker-Eisenstein
coefficients. The most interesting applications should arise in heterotic string theories whose
bosonic conformal-field-theory sector tends to yield numerous cyclic products but which at
the same time offer a rewarding window into string dualities.

As a second motivation, the techniques for basis decompositions of string integrals in
this work pave the way for structural insights into one-loop amplitudes in string and field
theory. The basis decompositions of one-loop string integrals unlocked in this work organize
amplitudes in various string theories into gauge-invariant kinematic functions of external
polarizations. For one-loop open-superstring amplitudes with maximal supersymmetry, these
kinematic functions admit a field-theory interpretation which unravelled a surprising double-
copy structure [68, 69]. Our results give access to the analogous one-loop kinematic functions in
heterotic and bosonic theories and therefore guide the quest for similar double-copy structures.
At tree level, this line of investigations revealed an elegant web of double-copy relations
among different classes of open-string, closed-string and field-theory amplitudes [12, 15-17].
Hence, this work is an opportunity to explore loop-level echoes of this web of double copies.

This work additionally spawns several mathematical lines of follow-up research. The
consideration of string integrals over all the punctures at fized modular parameter T initiated
fruitful crosstalk with algebraic geometers and number theorists through the appearance
of elliptic multiple zeta values [22, 27] and modular graph forms [31, 32] in the low-energy
expansion. When keeping not only 7 but also some of the punctures z; fized, intermediate steps
of string-amplitude computations serve as generating functions of elliptic polylogarithms [22,
51, 52] and their single-valued versions [74-77]. Conjectural n-point integral bases of dimension
n! depending on one unintegrated puncture have been presented in [28, 29] and generalized
to an arbitrary number of unintegrated punctures in [78]. This work offers concrete starting
points to substantiate these bases through explicit integration-by-parts relations, and the
recursive methods of the companion paper [49] may furthermore stimulate a general proof.

Moreover, the quest for bases of integrands under integration by parts is a common theme
of string amplitudes and Feynman integrals in particle physics. Integration by parts in the
presence of an ubiquitous Koba-Nielsen factor or its Feynman-integral counterparts [79-85] is
closest to the setting of the twisted de Rham theory, initiated by Aomoto [1] and beautifully
communicated by Mizera to the physics community in [2-4]. Finding a suitable framing in
terms of twisted de Rham theory may offer a particularly elegant way to rigorously establish the
Kronecker-Eisenstein chains as a basis of genus-one string integrals. In particular, this kind of
understanding should offer a unified description of integration-by-parts reduction, monodromy
relations [86-90] as well as relations between open and closed strings [91-94] at genus one.

In fact, previous mathematical work [95-97] identifies a twisted-cohomology setup where
meromorphic Kronecker-Eisenstein series are proven to form a basis. The cohomology
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setup in these references enjoys striking parallels with the chiral-splitting approach to string
amplitudes [47, 48] but has so far only been developed for a single integrated puncture (with an
arbitrary number of unintegrated ones). A generalization of their work to multiple integration
variables could readily prove the conjectures addressed in the present work. Alternatively,
one could take the Lie-algebraic toolkit of Felder and Varchenko [98] as a starting point to
attempt an alternative derivation of the results in our work.

Finally, the conjectural integral bases and integration-by-parts techniques in this work
call for generalizations to higher genus. Based on the recent proposal for higher-genus
analogues of the Kronecker-Eisenstein kernels [99], the most immediate question concerns
their Fay identities and generating functions of Koba-Nielsen integrals that close under
moduli derivatives. The mechanisms for integration by parts in this work including the
role of Fay identities and their coincident limit should offer essential guidance for several
of the challenging steps in developing a comprehensive framework for higher-genus string
integrals. On the one hand, these generalizations of our results will feed into tools for
concrete string-amplitude computations at higher genus. On the other hand, the study of
suitable families of Koba-Nielsen integrals will have valuable input for the construction of
function spaces of interest to particle physicists and mathematicians including higher-genus
incarnations of modular tensors, polylogarithms and multiple zeta values.
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A Chain decompositions of V,,(1,2,...,m) up to five points

This appendix is dedicated to the chain decomposition (4.53) of the elliptic V;,,(1,2,...,m)-
functions in (4.47) at m = 4,5 points (see section 4.4.4 for a detailed discussion at m = 3).
For simplicity, the Koba-Nielsen factor is considered at the same multiplicity n = m: the
extra terms for n > m can be straightforwardly reconstructed from the second line of (4.53).
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A.1 Four points
The (n = m = 4)-point instance of (4.53) together with the tools in section 4.4.3 lead to

IBP
(14+s1234)V4(1,2,3,4) = M1234||,737,7g7,727,7g

= GaVia(1,2,3,4) + G4(143s13+3524)

s s 2 (S14+S24+s s S13+S93+s S13+s8
n [91234 (nm _siz (s14+524+534) _ S sihsamdsa si 23)
234

7123 N4 Up) n3 734
S12+S23  S12 . S1a+S2a+s3a 2(S13+S23+S34)  S14+S24
+ Qg | ——— - —+ - -
T2 123 74 3 134
1 1 1 1
+ 51303 | —+————— |+ (2 4) : (A1)
123 7134 71234 13

9,13
where the relabelling 2 <+ 4 of the subscripts of s;;,7;, €21;;% applies to the last three lines.

As detailed below (6.3), the notation "BP i1 the first line indicates that total Koba-Nielsen
derivatives V;(...) have been discarded in passing to the right-hand side. It remains to
extract the coefficients of 79, ng, n{ in ratios such as

Q1234 1) (1) 42 1) .3 1) .3 1) (3 1) (3
= IS 1S 285 1S — £ — DA 28 (A.2)

2 HpQ nmo
2) (2 2) (2 2) (2 4 4 4
+ f1(2)f2(3) - f3(4)f2(3) + f1(2)fz§4) - f2(3) +3f1(2) - :§4) )

Q1324 1) p(1) 4(2 1) (1) 42 1) p(1) 42 1) 43 1) 43 2) (2
N34 11,0 0 0=f2(4)f1(3)f2(3)— 2(3)f1(3)f2(4)_fz(s)f2(4)f1(3)— 1(3)f2(3)+f1(3)f2(4)+f2(3)f2(4)
UDSUESUNN

+ (A3 —133) — £33 D+ 15D + 15 5+ 150) + #13 + 138 + 140
which is straightforward to implement via Mathematica.

A.2 Five points
At n = m = 5 points, (4.53) together with the tools in section 4.4.3 yield

(1+s12315)V5(1,2,3,4,5) "2 GaV5(1,2,3,4,5) + GaVi(L,2,3,4,5) (A.3)
1 1
+3Gu[(s14+s2ats35) flg) + s13fla) + cye(1,2,3,4,5)]
812 S12 825 835  S14+S241+S834+S45
+ | Q12345 - =
72345 1234 2 13 M4
n 2 (s15+525+535+545) _ S13+523 n $14+824-+534 n 813+823>
UB 134 N45 1345
S12 512 824  S13+523+534+535
— (12534 + Q15234 + Q12354)< -
723 7234 12 3
N 2 (s14ts24+834+845)  S15+S25+545 | Swtsastss 815+825>
N4 UB 7134 T45

1 1 1 1 1 1 1 1
+Qozsg (| —+ — — — — — | s35+ Qusoza | — + — — — — — | 525
75 M34  1M45 3 23 M45  M234 75

1 1 1 1
+ ( +— - — = ) (s14+524) (Q12435 + Q12453)
1134 45 1345 N4
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1 1 1 1
+ ( + - - ) 513 (13245 + Q13425 + L13452)
N34 M345 12345 134

9y
0 0
T3 5e-+575

1 1 1 1
+ ( + = - ) s13 (13254 + Q13524 + Q135a2) — (23 N 54)]

where the simultaneous relabelling 2 <+ 5 and 3 <> 4 applies to the last eight lines. The

extraction of coefficients 79,...,n2 in the ratios Q%“ is again straightforward, see (A.2)

for examples at four points.

B Restoring total Koba-Nielsen derivatives in breaking double cycles

In sections 6.1 to 6.3, we explained how to break a product of any two Kronecker-Eisenstein
cycles. However, it is important to note that the main result (6.25) is an equivalence relation
as we omitted several total Koba-Nielsen derivatives. In this appendix, we reinstate these
total Koba-Nielsen derivatives which not only feed into the discussions of sections 6.4 and 6.5
but also pave the way for closed-string applications.

The exact version of (6.25) including all total Koba-Nielsen derivatives reads

(L1+812m) (1+8m410) C12m) (€1) Clmp1-m) (§2) = Mizen(§1) Mims1..n(€2) (B.1)

- En: Z (=P (i Tpk + Vp) (Qm—l—l,cf,leme(fl))

p=m+2 occ{m+2,- ,p—1} k=1
m n n
m—b
2 > Tty Y >
b=2 pc{2,--,b—1} j=m+1p=m+1 ceXwYT
w{m,- b+1} P77 (5,X,p,Y)=(m+1,m+2,...,n)

< (=), (1070, 0p)

- i Z (_1)m_b< Zn: Tp,j + Vb) (Ql,p,me+1,m+2,.-- n(&2))

b=2 pe{2,-- b—1} j=m-+1
w{m,--,b+1}
m n
b —m—
S P S S
b=2 pe{2,--- b—1} p=m+2 cc{m+2,- p—1}
LLI{m, 7b+1} LLI{n, 1p+1}
m
X Vb [(Z Tpk + Vp) (levbﬂmﬂ,o,p)]
k=1
1™ n By
+ 9 Z Z Z Z (=17 lﬂa,p,b i .0 Tp.a
a,b=1 j,p=m+1 pEAWBT ceXwy T

a#b  JFEP (a,Ab,B)=(1,2,...,m) (5, X,p,Y)=(m+1,m+2,...,n)

and implies (6.30) under the substitution rules (5.17). At n = 4 points with two cycles
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of length m = 2, this specializes to

(1+512)(1+534)C(12)(§1)C 34) (&2) = Mia(§1) Mi34(E2) (B.2)
— M15(&1)74,12034(04) — 234212 (102) Mi34(&2) + (22,3741 — 2,473,1) Q12(12)234(74)
+ VoVa(Q12(n2)Q34(n4)) — Va(Mi2(&1)Q34(na) — Q12(n2)Q34(na)x2,3)
— Vo (M34(£2)12(n2) — Q12(n2)Q34(n2)x4,12) — V3 (Qi2(n2) Q34 (ma)22,4) 5

where the first two lines were already spelt out in (6.11), and the last two lines are total
Koba-Nielsen derivatives discarded in section 6.1.

The tracking of total Koba-Nielsen derivatives in (B.1) is essential for applications
to generating functions of closed-string integrands (2.29). As exemplified in section 3.1,
the factors of Q(z;—z;,n,7) in a closed-string context — to be collectively denoted by
@ = ¢(z;,7) in the rest of this appendix — interfere with the Vj, in the F-IBP manipulations
of Q(z;—z;,m,7). Hence, the images of V; in (B.1) are key information for the chain

decomposition of products

C2..m) (&) Clmi1,m12,-- n)(§2)P (B.3)

in presence of combinations of Q(z;—z;,m, 7). The extra terms from integration by parts
of holomorphic derivatives are obtained from

(Vo1 5) @ = Vi (21,500) — Q1,500 (B.4)

where € ,;, was chosen as a placeholder for any Vj-image on the right-hand side of (B.1).
As long as @ is a product of Q(z;—z;,m,7), the derivatives in the last term of (B.4) are easily
evaluated via (2.5) or (2.48). If @ comprises individual Kronecker-Eisenstein coefficients, one

can furthermore make use of Gifl-(;fu) = —ﬁfi@*l) with w > 1, see (2.5).
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