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1 Introduction

In string theories, scattering amplitudes are drawn from moduli-space integrals on punctured

worldsheets. The core of the associated integrands, represented by certain correlation functions

of vertex operators, encapsulates the scattering data. Efforts to simplify these integrands,



especially through decomposition into bases of functions of the worldsheet moduli, have
unveiled intricate patterns in string amplitudes. For n-point tree-level amplitudes, the Parke-
Taylor factors, dependent on n punctures, play a significant role. Aomoto [1] showed that these
factors, coupled with the Koba-Nielsen factor, fall into (n—3)!-dimensional bases and resonate
with the framework of twisted (co)homologies, as outlined in various works, including [2—4].

The deep interplay of these integration-by-parts relations transcends field theory, string
theory, and mathematics [5]. They clarify relationships among gauge-theory amplitudes [6, 7]
which often have a simple uplift to all orders in the inverse string tension o’ [8-10]. Field-
theory structures in tree amplitudes and their associations with gravity and gauge theory
amplitudes are also spotlighted [6, 11-14]. Furthermore, manipulations of certain genus-zero
correlators contribute to the understanding of braid matrices in the o/-expansion of string
amplitudes [4, 15, 16].

Tree-level insights from Parke-Taylor bases have spurred investigations into analogous
bases for loop-level correlators under integration by parts (IBP) and algebraic relations
of the integrand, with a focus on one-loop string amplitudes. Specifically, correlators on
genus-one surfaces like the torus are expressed using Jacobi theta functions, replacing the
Koba-Nielsen factor with |6 (z; ;,7)|**"* (with z; j := z;—2; and k; the external momenta).
This study centers on functions of the punctures z; and the modular parameter 7 that
supplement the one-loop Koba-Nielsen factor and can be viewed as the loop analogs of
the Parke-Taylor factors. These functions are systematically examined under IBP and Fay
relations, collectively termed F-IBP.

Genus-one correlators for various string amplitudes are expressed using coefficients
f)(z; ;,7) from the Kronecker-Eisenstein series [17-19] of modular weight w € Ny. A recent
proposal for F-IBP bases [20-22] is formulated in terms of their generating series Q(z, 7, 7)
which, in contrast to the individual f(w), close under tau-derivatives. These series are
imperative as T-derivatives augment the modular weight. The proposed bases are constructed
from chains of the Kronecker-Eisenstein series, defined as

Q12...n = Q(ZLQ, N2+n3+ ... +Mn, T) - Q(Zn—l,m Mns T) s (1.1)

with n—1 bookkeeping variables 7;. Under 7-derivatives, Koba-Nielsen integrals over these
chains satisfy KZB-type differential equations. Solutions to these equations shed light
on the o/-expansions in string integrals [18, 20, 21, 23, 24]. This foundation has led to
breakthroughs in the relation [24-28] between modular graph forms [29, 30] and iterated
Eisenstein integrals [31, 32]. Nevertheless, it is still an unproven conjecture that permutations
of the chains (1.1) form an F-IBP basis — their established closure under 0, is a necessary
but not a sufficient condition.

Rather than presenting a rigorous mathematical proof, we offer compelling evidence
for (1.1) forming an F-IBP basis by decomposing a range of Kronecker-Eisenstein series into
the chain form, thereby bolstering the credibility of the conjectural basis. In a companion
paper [33], Rodriguez, Schlotterer and the author have made notable strides in advancing
the IBP methodology for one-loop string integrals of the Koba-Nielsen type. Specifically, we
have transformed cyclic products of the Kronecker-Eisenstein series denoted as

C(lZ---m) (5) = Q(leg, netnz+ ... +0m + &, T) ce Q(Zm—l,ma Nm + &, T)Q(Zm,la 3 T) ) (12>



and their coefficients f() (zi—zj, T) into conjectural bases of one-loop string integrals derived
from Kronecker-Eisenstein products of chain topology [20-22]. This effort has not only vali-
dated the chain bases referenced but also yielded explicit formulae for the basis decompositions
of one or two cycles of Kronecker-Eisenstein series regardless of their respective lengths.

In this paper, we aim to broaden the recursive approach from the previous work to
encompass any number of Kronecker-Eisenstein cycles, pinpointing the combinatorial structure
underlying their integration-by-parts reduction. More explicitly, let us refer to all cycles
as Wy, Wa, ..., W, and the remaining puncture set as R. We will examine an open-string
integrand or chiral sector of a closed-string integrand described by

K%)= Cw, (€1)Cw, (&) ... Cw, (&), where Wi UWo U ... W, UR={1,2,...,n}. (1.3)

We will use the single-cycle formulae derived in [33] recursively to decompose (1.3) to chain
basis at the cost of introducing some total Koba-Nielsen derivative terms.

We will also delve into more intricate configurations of the Kronecker-Eisenstein series
and coefficients beyond just cyclic products, introducing representations through tadpoles,
multibranchs, and even interconnected multiloop graphs. Additionally, we will be offering
a Mathematica rendition of our principal formulae in the supplementary material. The
methodologies we adopt serve as practical tools to streamline genus-one correlators and
simplify o/-expansions of genus-one integrals, thereby aiding computations within specific
string theories [20, 21, 24] and ultimately shedding light on the physical implications of
the basis coefficients. Building upon tree-level computations [8, 34-36], our explicit basis
breakdowns might pave the way for a deeper understanding, possibly connecting expansion
coefficients with a generalized notion of intersection numbers and making contact with the
twisted-(co)homology setting of [37].

Originating from conventional string theories with infinite spectra, our findings are
applicable to ambitwistor strings [38, 39] and chiral strings [40, 41]. Integration-by-parts
techniques for moduli-space integrands transition smoothly between these string theories,
as highlighted in multiple studies [35, 36, 42-44], and may even involve a o/ — oo limit.
These results could illuminate massive loop amplitudes in both conventional and chiral string
theories, reminiscent of tree-level work in [45]. Within the chiral splitting framework [46, 47],
introducing loop momenta simplifies closed-string loop amplitudes. Yet, F-IBP reductions
of chiral amplitudes present challenges beyond the standard doubly-periodic f (w)(zi,j,T)—
integrands. We will address the impact of certain derivatives in chiral amplitudes leading
to boundary terms in the chiral-splitting context of (n—1)! genus-one bases.

The present work is organized as follows: we review the genus-one string integrand and
the single-cycle formula in section 2. After introducing compact notations including open
cycles and fusions in section 3, we demonstrate how to break a product of two Kronecker-
Eisenstein cycles in the presence of additional punctures in section 4 and a product of three
cycles with or without additional punctures in section 5. Then, after introducing the notion
of labeled forests to capture increasingly complicated terms free of cycles in the procedure of
basis decomposition in section 6, we propose the general formula to break the product of
an arbitrary number of both doubly periodic cycles and meromorphic Kronecker-Eisenstein
cycles in section 7. Practical applications of these formulae are presented in a Mathematica



code and we explain how to use the code in section 8. Section 9 delves into more complex
scenarios including a product of multibranchs and connected multiloop graphs. Finally, our
conclusions and future perspectives are discussed in section 10. More detailed explanations
of the concise notations used in sections 2 and 8 can be found in appendix A.

2 Review of string integrals and single-cycle formulae

In this companion paper to [33], we provide a succinct overview of the genus-one string
integrands and present the closed-form formulae for decomposing a cycle product of the
Kronecker-Eisenstein series. While our goal is to ensure this paper is self-contained, we direct
readers to [33] and the associated references for a more in-depth exploration.

2.1 Kronecker-Eisenstein series, its doubly-periodic completion, and their
products

The computation of one-loop string amplitudes relies on moduli-space integrals across corre-
lation functions for specific worldsheet fields containing external-state data. The Kronecker-
Eisenstein series [48] informs the entire dependence of these genus-one correlators on punctures
z € C and the modular parameter 7 € C with Im7 > 0,

_ 9/1 <07 T)91(2+77, T)

F(z,n,71):= 2.1
7)== G ot ) 2
Here, the standard odd Jacobi theta function is defined with ¢ := exp(2mi7) as
01(z,7) := 2¢"/®sin(r2) H (1—-4") (1 - q"e%iz) (1 - q”e_sz> . (2.2)
n=1
In the context of the non-holomorphic admixture detailed in the exponent from [49],
o Imz
9(277777_) = exp <27T“7 )F(Zaan)v (23)
Im 7

we achieve a doubly-periodic refinement of the meromorphic Kronecker-Eisenstein series as
seen in (2.1). This refinement satisfies the conditions Q(z,n,7) = Q(z+1,n,7) = Q(z+7, 1, 7).

2.1.1 Properties

The Kronecker-Eisenstein series and its doubly periodic completion both satisfy the anti-
symmetry property expressed by

F(—z,—n,7)=—-F(z,n,7), Q—z,—n,7)=—-Q=2,n,7). (2.4)
Additionally, they satisfy the Fay identities shown below,
F(z1,m,7)F(22,m2,7) = F(21,m+m2, 7)F(22—21,m2,T) + F(22, m+n2, 7)F(21—22,m1,7) .

(2.5)
The above identities remain consistent when substituting F'(z,n,7) with Q(z,7n, 7).
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Figure 1. Graphical representation of Kronecker-Eisenstein series Q;;(n) = Q(z;—z;,n, 7), their chain
and tree products.

2.1.2 Coefficients and concise notations

With the Laurent expansions using the bookkeeping variables € C, we can define Kronecker-
Eisenstein coefficients ¢(®), f®) for w € Ny. Specifically,

F(zm7) =Y 0 g"(z7),  Qnr)=> 9 f"( 1) (2.6)
w=0 w=0

with the notable points that ¢ (z,7) = fO(z,7) = 1, ¢(z,7) = d.logb;(z,7), and
-Im 2
f(1)<z’ 7') = g(l)(z,’7 ’T) + 27TZImT-
Given that the primary results of this work focus on configuration-space integrals over

multiple punctures, namely z1, 29, ..., we introduce a concise notation for ease of reference.
: ._ 0
Using 0; := 9z We define
gg-u) = g(“’)(zi—zj,r), fi(?”) = f(w) (2i—2j,7). (2.7)

Likewise, we present
Fij(n) == F(zi—zj,1,7), Qij(n) == QUzi—z4,n, 7). (2.8)

2.1.3 Chain and cycle products

As schematically shown by the second graph in figure 1, we define a specific chain product
of the doubly-periodic Kronecker-Eisenstein series as

m m—1
Qo(D)a(2)alm) =9 <Z %(i)) 1T Qi) atr1) (Mas1) - a@m)) (2.9)
=1 =1

where ;5.5 = 7 +n; + ... + n,. The set {a(1),a(2), -+ ,a(m)} with entirely unique
elements can represent any subset of {1,2,--- ,n} containing at least two elements. The
delta constraints reveal that any 7,;), like 74(1), can be represented using all other terms. In
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Figure 2. Graphical representation of a cyclic product of Kronecker-Eisenstein series C(13...;)(§)
and their product.

particular, when m = n, a(i) = i and expressing all 71 = —723...n, it reduces to (1.1). Using
the Fay identities (2.5) for pairs of Kronecker-Eisenstein series, we derive the chain identities

Qoip = (—)NQ, 15 = (-1 Y Q. (2.10)

peaTwp

This resembles the Kleiss-Kuijf relations of gauge-theory tree amplitudes referenced in [51].
Only (m—1)! of the m! permutations of Q4(1)a(2)-a(m) remain independent as discussed
in [21, 22, 52]. The shuffle cwu for ordered sets a, 8 in the summation of (2.10) captures all
permutations of the combined set «f that maintain the original order of o and 5 elements.

Moreover, products of doubly-periodic Kronecker-Eisenstein series, which exhibit tree
topologies similar to the one shown in the last graph of figure 1, can be expanded into
chains Q(1)q(2)..a(m) With a fixed a(1). This expansion uses the chain identities from (2.10)
iteratively and may require a redefinition of the bookkeeping variables.

The cyclic product of the doubly-periodic Kronecker-Eisenstein series, as depicted in
the first graph of figure 2, contrasts with a chain product as defined in (2.9). Specifically,
we introduce a cyclic product as follows,

m
Caa.m)(§) =10 ( > m) Q12(m23.-m+E) Q23 (M3-m+E€) -+ L 1,m (M +E) W1 (€) - (2.11)
i=1
applicable for general multiplicities within the range 2 < m < n. Notably, when we set
M = —MN23..m, this cyclic product simplifies to the form described in (1.2).

In this case, the cycle topology of C(is...,)(§) precludes a straightforward algebraic
expansion into chains as defined in (2.9) using Fay identities (2.5) or the identities in (2.10) in
practice. Instead, this expansion necessitates the application of IBP, which we will review in
the next subsection. Our focus in this paper is on the analysis of products of doubly-periodic
Kronecker-Eisenstein cycles, as represented in (1.3) and illustrated by the last graph in figure 2.



Building on our definitions (2.9) and (2.11) for the products of doubly-periodic Kronecker-
Eisenstein series, we introduce the notation for chains and cycles of their meromorphic
counterparts, Fj;(n) = F(z; — zj,1,7), as follows:

m m—1
F.(1)a@)a(m) == 5(Zﬁa(i)> 1T Fai) atisn) Magsn) - aim)) » (2.12)
=1 =1

m
Cltzm)(€) i= 6 30 ) Pt +€) Pesmon€) -+ Fovetn (i +€) P (€) . (213
i=1
Given the universality of the Fay identity (2.5) for both F;;(n) and €;;(n), the relations
in (2.10) for doubly-periodic chains with ordered sets «, 8 naturally extend to the F-chain
in (2.12), with a simple substitution of F' for Q. Furthermore, of the m! permutations of
Fo(1)a(2)a(m)> only (m — 1)! are algebraically independent. For example, one can choose
the chains with a(1) = 1 as the independent set. In the case of meromorphic Kronecker-
Eisenstein cycles é(lg...m) (&) and their products,

KU*) = Cw, (€1)Cw, (£2) ... Cw, (&), where Wi UWo U... W, LR ={1,2,...,n}. (2.14)
decomposition requires the application of F-IBP.

2.2 Sting integrals, IBP relations, and single-cycle formulae

The n-point genus-one string amplitudes are derived from worldsheets characterized by
cylinder and Moebius-strip topologies for open strings, and torus topologies for closed strings.
Each of these configurations is described with a modular parameter 7 and features punctures
located on the boundary. The amplitudes are mathematically represented as follows,

An = / le’TOlp Igp(z’ﬁ T kl) Kgp(f(U))? T ki €y e ) ) (215)
op

Mn = / du/(r:zl I’rcll(zi7 T, kl) Kril(f(w)7 f(w), T, kia €iy€jy ) . (216)
cl

2.2.1 Integration domains, measures and Koba-Nielsen factors

The specific details regarding the integration domains and the measures duy, along with
the Koba-Nielsen factors Z(z;, T, k;) for both open and closed strings, are comprehensively
outlined in appendix A. Despite the distinctions between open and closed strings, their IBP
relations can be expressed in a standardized manner. Primarily, the integration of total
derivatives acting on doubly periodic functions yields zero, as shown below

/d,u;(?i (Zrp) =10, V doubly periodic ¢(z;,7), (2.17)

where 0; represents a real analysis derivative for open strings (¢ — op) and transitions to a
holomorphic derivative for closed strings (e — cl), with ; denoting the conjugate derivative.

Furthermore, the derivatives of the Koba-Nielsen factors for both open and closed strings
can be encapsulated in a unified expression:

811,‘1 = _<Z$i,j>17;a :L‘i’]' = Sljfz(Jl) . (2.18)
J#i



We define the dimensionless Mandelstam invariants used throughout our analysis as
follows:

1/2 open strings,
sij = —kiokjy Siianir == D ki, ki, 0‘/:{ . (2.19)
1<p<q<r v 2 closed strings .

Combining (2.17) and (2.18), we derive an IBP relation:

duy Ty (& - qu) =0, V doubly periodic ¢(z;,7), (2.20)

where we defined operator V;, termed the Koba-Nielsen derivative. In the context of
our analysis, this IBP relation, now compactly denoted as V;p 1BP 0, emphasizes the
transformational properties of the integrands. Note that the operators V; and V; exhibit

commutativity.

2.2.2 Integrands and basis

The integrands K vary across different theories. Typically, these are polynomials involving
doubly-periodic Kronecker-Eisenstein coefficients, fi(;-”u), as defined in (2.6), and, for closed

strings, their complex conjugates ﬁ.(;”) as well. The polynomial coefficients incorporate the
modular parameter 7 and various physical parameters such as polarizations ¢; and momentak;,
yet they remain independent of the puncture locations z;.

Conjectures, as proposed in the studies by Mafra and Schlotterer [20, 21], suggest a struc-
tured formulation for the string theory integrands. Specifically, for any n-point open-string
one-loop integrand related to KoP, as seen in (2.15), it can be aligned with an (n—1)!-basis of
generating functions. An example of such a basis is 21 4(2), .. a(n), Where a varies over the sym-
metric group S,,_1. For the closed-string counterpart, the one-loop integrand K¢ is conjectured
to be representable as a linear combination of products like Qla(g)a@ma(n)915(2)5(3)._.5(@,
with «, 8 € S,_1, where € denotes the complex conjugate of €.

2.2.3 Single-cycle formulae

In the case of products of {2 without cycles, such as those represented by the last graph in
figure 1, these can be algebraically expanded into basis elements using Fay identities (2.5)
or (2.10) in practice. In the previous companion paper [33], we found a general formula to
decompose an arbitrary -cycle into basis elements:

(1+812,..m)C(12...m)(§):Mlg...m(f)—i > (—1)B< Zn: xb,i+vb>na,p7b. (2.21)

T,

In this equation, a represents any element from {1,2,...,m}. On the right-hand side, A
and B are determined by the relationship (a,A,b,B) = (1,2,--- ,m), subjected to cyclic
transformations. The chains 2, ,; are then aligned with the foundational basis €., following
the guidance of (2.10). The term Mjis....,,(§) pertains to the proposed (m—1)! basis for m-point



chains, delineated as €21 (2) a(3),....a(m) Where a € Sy,—1. The complete form of M., (§)
is detailed in (A.6) in the appendix.

Further, our previous findings demonstrated the recursive application of single-cycle
formulae to dissect products of two 2-cycles. This paper aims to broaden this methodology
to encompass products involving an arbitrary number of cycles as indicated in (1.3).

2.2.4 Chiral splitting

Chiral splitting, as detailed in the works [46, 47], serves as a foundational method for deriving
open and closed string amplitudes from the same chiral function, denoted as C,,(¢). This
function encapsulates the kinematic data of the system. The amplitudes for open and closed
strings are computed through the following integrals,

1
op
1 cl D 2 ~ _(w) B
Mn: (27TZ)D /ld“n /RDd g’jn(g)’ /Cn(ﬁ)lcn(—&g aTakiaﬁz',"'), (223>

where D represents the spacetime dimension. Here, the chiral Koba-Nielsen factor, [, (¢)
reflects the loop momentum ¢ and shows a meromorphic dependency on both the puncture
locations z; and the modular parameter 7. The specific form of 7, (¢) is elaborated in (A.5) in
the appendix. Furthermore, the z-dependence within /C,,(¢) is dictated by the gg-u) functions,
which are derivable from the meromorphic Kronecker-Eisenstein series as outlined in (2.6).

The derivatives of the chiral Koba-Nielsen factor 7, (¢) with respect to the worldsheet
positions z; now incorporate the loop momentum,

8“7n(f) = (Ek‘z - Zjl,j>t7n(£) 5 with ji,j = Sijgi(}) for ] 75 7. (224)
J#i
Similar to (2.20), we define the operators V; to encapsulate the Koba-Nielsen derivatives,
- " 1
Vi@ = 0;p + (e-ki - Zﬁczj>¢ = 7&-(@ Tn) s (2.25)
J#i "

applicable to any meromorphic function ¢ = @(z;, 7) relevant to the chiral integrands /C,(¢).
Note that the operators V; and @j commute.
Following the logic in (2.21), substitution rules can be applied as

Qo)a@).. = Faa@)., @i — Fij, Migen(&) = Mig.n(§), Vo — Vi —L-ky, (2.26)

to deconstruct the meromorphic cycles (2.13) as shown below,

(1+512.m) C12.m) (€) = Mg (€) (2.27)
-y > (—1)|B|(—f'7€b+ > E +%)Fa,p,b,

b=1 T i=m-+1
pEALB
b#a (q,4b,B)=1,,

where Mlg.,.m(f) is a linear combination of m-point basis, Fi 4(2).....a(m) With @ € Sp,—1.
See (A.11).



We aim to recursively apply (2.27) to decompose products of meromorphic cycles (2.14)
into a chain basis F} 4(2) a(3),...a(n) With @ € Sp,_1, introducing some total Koba-Nielsen
derivative terms in the process. These derivative terms, unlike in previous doubly-periodic
cases (2.17), cannot be neglected but can be simplified.

We will explore that many techniques applicable in doubly-periodic scenarios are equally
viable for chiral splitting cases. Sections 3 through 6 will primarily focus on the doubly-
periodic cases, and towards the end in section 7, we will detail the approach for handling
an arbitrary number of meromorphic cycles. Additionally, in section 9, we will discuss the
handling of integrands beyond the scope of meromorphic cycle products.

3 Open cycles and fusions

Given that we will address an arbitrary number of series of double periodic Kronecker-
Eisenstein cycles, simplifying the representation of a single-cycle formula is beneficial. Initially,
let us introduce the notion of open cycle O}ffi defined as

ori=-% > (1), ,m,;, withaecWandig¢W. (3.1)
beW  pcAwBT
b#a (q,Ab,B)=W

Here are some examples,

(12)

12
()EJ) = — M2(n2)72,, O, = M2(n2)r1,,
23 123
(ﬁz)z — Q19373 + Q13272 , 0% L:—Q%Nmr+ﬂmﬂ&m
1234
()§J ) = — Qo344 + (1243 + Q1423)x3,; — D1az2x2,; - (3.2)

Note that the terms xp,; and Vj, in (2.21) exhibit similar characteristics. To formalize this,
we introduce an auxiliary puncture 0 and set the operator z;o = V. With this introduction,
we can extend the definition (3.1) to

ofy=-> 3 (-1)PlayoQ,p,  withae W (3.3)
%2Vp€AmBT
a

With the above definitions, the single-cycle formula (2.21) can be compactly represented as

(I+sw)Cw (&) = Mw(&)+ Y 0OF;, VaeW. (3.4)
igWic(n]
where we have defined [/r?] as {0} U [n] = {0,1,2,--- ,n}. For streamlined referencing, we

will also use R = {0} U R.

With a little abuse of notation, we introduce the abbreviation

Qa,Au_lBT,b = Z Qa,cr,b . (3.5)
o€ AwBT

,10,



e <,

b1, J1EWL SAAAANAAAS: - P - EAAAANNANANS a1,b1 €Wy EAAAAANAAAS - P - EAAAAAAANS
jo,bo€Ws P1 J1 b1 J2 b2 ag,boeWs a1 b1 as bo

Figure 3. From tadpoles to isolated cycles.

Besides, we use an oriented dotted line b>j and a wavy line W to represent
—.’Ifb7j(—1)‘B|+1Qa’Au_IBT7b such that

oYV — P (3.6)

Then the single-cycle formula (3.4) can be schematically shown by

(s =()+ ¥ T “dnd VaeW.  (37)

Cw Mw  jen)/w bEW/{a}

w

From now on, whenever we see O,’;, we assume a € W. Besides, we define Q, 4,,pr, =0
2 I ’

such that we can simply write the summation ) ycyy/(,) in the above equation as 3 yepy -

3.1 Fusion of two cycles

As we will see, open cycles can not only be used to simplify the single-cycle formula, but
also have a very important property. Consider a particular combination of open cycles
S , o' oW
J2€W2,71€EW1 ~p1,52 7 j2,51°
figure 3. The key observation is that all of such tadpoles can reorganized to produce new

naively it would form lots of tadpoles as shown on the left of

isolated cycles without tails planting on them on the support of (2.10) as shown on the left
of figure 3 when we average the summation index,

Wy Wa _1\|Bi1] _1)|B2l ) .
0,,05,5 = D (DI, 4 upry, Y (Dl 5,9 apipr, D Th
J2EW2 breWy J2,b2€W3 J1€EWL
J1EWY (p1,A1,b1,B1)=(W1) (j2,A2,b2,B2)=(W2)

1 |
_ - _1\|B1]+|B2|
- Z ( 1) Qal,A1mB?,blxblanQag,AgmBg,ngb%al
a,by €W17%a1,A17b1,B1):(W1)
a2,b2€W3,(az,A2,b2,B2)=(W>2)

=Wy, Wa), (3.8)

We already see the application of such simplification in the decomposition of double cycles in
the companion paper [33]. We call the last line of (3.8) as a fusion of two cycles and denote
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it as (W1, Wa) = (Wsy, W1 ). Here are some concrete examples,

((12),(34)) = Q1229 3034741 + Q1272 443731, (3.9)
((12),(345)) = Q1222 30345251 + Q1222 425373 1 + Q1222 52534241
— Q1272 52543731 — Q1272 38235474,1 — 21272443575 1,
((123),(456)) = [[91239456 (333,4966,1 —3624,1) +cyc(456)] +cyc(123)} ,
((12),(3456)) = 212 [(93456372,3376,1 + Q3654723741 — (Q3465 + 93645)562,3965,1) +CyC(3456)} .

In general, there are 2W1IHW2l=5 |11 | |10, terms in (Wy, W) as one can check in the above
examples.

3.2 Fusion of multiple cycles
The generalization of (3.8) is straightforward

PORCHIND D CHERIED DR e ID DI 1

Jo€EWs JsEWs Jr€Wy J1EW]
Wh Wy L W3 Wa
+ Z Oam Z Ojr,jrq Z 013712 Z sz J1 2(Wh, Wa, ..., W), (3.10)
j'reWr ]T—IEWT—l jQEWQ ]1EW1

with the generalization to the fusion of r cycles defined by (with r» > 2 and a,41 := aq):

( rr
(Wi, Wa, ..., W,) = 5 H Z Qai7AimB?,bixbi7ai+1

Li=1a;,b;eW;

i v (3.11)

Fach wavy line represents a summation over AZ-I_I_IBZT with ¢ inferred by the endpoints. The
definition (3.11) is clearly cyclic,

(Wi, Wo, ..., W) = (Wo, W3, ..., W,,W1), (3.12)
and the factor % cancels the double counting due to the reflection symmetry
<W17W27-"7W7’> = <WT’7"'7W27WI>- (313)

For instance,

2 Ouly 2 045 2 Oi5i+ 3 04, > 055, > 05,

J2€W2 J3E€EWS3 J1EWL J3€EWs J2€W2 J1€EW7
= W, Wa, W3) = 2(Wy, Wa, W) , (3.14)

which, in the simplest non-trivial case of two-element cycles Wy, Wy, W3 specializes to

((12),(34), (56)) (3.15)

_ 0(2008 1 0200 1 0200l | 020 o)

= *912(772)934(774)956(776)(932,3564,5166,1 — T23T4,6%5,1 — L2473 56,1 + $2,4I‘3,6$5,1) .
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Figure 4. The F-IBP reduction of the double cycle string integrand Cyy, (£1)Cw, (£2) in presence of
additional punctures gathered in R. &; in Cyw, (&) and My, (&;) are suppressed in the graphs. All
terms in the dashed rectangle are free of cycles.

In general, there are 9=2r—143 i, Wil [Ti—; [W;| terms in (Wy, Wy, .-, W,;) as one can check
in the above example.

As we will see, such fusions (W1, Wy, -, W,) will appear when we deal with the product
of several cycles. We will discuss the decomposition of two, three, and an arbitrary number
of cycles gradually in the following sections.

4 Double cycles in presence of additional punctures

In the companion paper [33], we have showcased how to break the product of two general
double periodic Kronecker-Eisenstein cycles without additional punctures. Here we extend to
demonstrate how to break the product of two cycles in the presence of additional punctures,
ie., r=21in (1.3) and Wy U W U R= {0,1,2,--- ,n} using the single-cycle formula (2.21)
with compact notations. As shown in figure 4, we use a dashed circle to represent the
punctures in R to remind us there are punctures beyond Wi, Ws. Note that this includes
the auxiliary puncture 0 which encodes the information of Koba-Nielsen derivatives. We

,13,



break Cyy, (&1) at first,

(1 + swy) (1 + sw,)Cw, (§1)Cws, (€2) (4.1)

= (I sw) | M (€) + 320505+ 3 Oull, | Cwa(&2)
jeR JZGWZ

then break Cyy,(§2) according to the attaching point if there is,

(14 swy) (1 + sw,)Cw, (1) Cwy (§2) = | Mw, (§1) + Zoa” (sz L)+ Y o, k)
jER kgWs

+ Z 031/,132 (MW2(£2)+ Z O]V;/lk) . (4.2)

J2 €W kEWo

Using (3.8), we get

(1 + sw,) (1 + sw,)Cw, (§1)Cwip (€2) (4.3)
= M, (&) M, (&) + My, (&) Y O02 + M, (&) Y, O, + (Wi, Wa)
J1EW] jo€W>
+MW1 61 Z Oa2]1 +MW2 52 Z Oaljz + Zoalp Z Oa2(1
j1€R jo€R peR qgWy
W-
+ Z Oa11]2 Z Ot‘fﬁ]
J2€W2 geR

The skeleton of the final result is shown on the right of the figure 4. Except for the top graph
there which corresponds to (W7, Wa), the other terms in the dashed rectangle are free of
cycles and can be easily expanded onto the basis (1.1) using Fay identities (2.5) or (2.10).
(W1, Ws) is just a sum of isolated cycles and can be decomposed again using the single-cycle
formulae (2.21). Here a1, ag could be any point in Wy, Wy respectively. Different choices of
them lead to equivalent results in the support of F-IBP.

When R = 0, i.e., R = {0}, the last two lines in (4.3) become total derivative terms
and it reproduces the results in the companion paper.

Here is an example at n = 5,

(1+s12)(1+534)C12) (1) C(34)(&2) = M12(&1) M34(&2) (4.4)
— Mi2(&1)24,1234(n1) — 22,3412(1n2) M34(&2) + (22,3241 — 22,423,1) Q12(12) Q34 (14)
+ VoV (Q12(n2)Q34(na)) — Va(Mi2(€1)Q34(1n4) — Q12(12) Q34 (1) 22,3)
— Va(Ms4(£2)12(n2) — Q12(n2)Q34(n2)xa12) — Vi (Qi2(n2)Q34(na)x2,4)

— M2(&1)Q34(na)xas — M3a(§2)Qi2(n2)z25 + Q12(n2)Q34(n4) T2 5245

+ Q12(n2) Q34 (M) (T2,5T412 + T23%45 — T2,4235) 5

where @ j.p == T;; + - Tip.
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Appearance of reference ordering. In the above derivation, we break Wi at first and
then Ws. In this sense, we say we have chosen a reference ordering R = W1 < Wy when we
break the cycles. In the final result (4.3), we see the last two terms on the right-hand side are
not manifestly symmetric under the exchange of two cycles Wi, Wy because of this reference
ordering. As a self-consistent method, different choices of reference orderings of course must
lead to equivalent results. Actually, one can check on the support of F-IBP, we have

7% Wa Wwh w, 1BP Wa 12%1 Wa 7%
D.0uY D 0%+ D 0, > 0w = > 04 Y Oly+ D 052 > Ouly-
PER qeW; J2EW, qER PER qeEWy J1EW] q€ER

(4.5)

Let us illustrate this idea by an explicit example of double pairs with non-vanishing
R = {5}, i.e., n = 5. Under the reference ordering R = (12) < (34), we have (4.4).

If we break C(34)(£2) at first and then C(12)(£1), i.e., using the reference ordering
R = (34) < (12) instead, we get almost the same result except that the last line of (4.4)
is replaced by its relabelling (12) <> (34), that is

Q12(n2)Q34(a) (2457234 + T41T25 — Ta2T15) - (4.6)

They are equivalent since their difference —i2(72)Q34(14)2,4 Zle x;5 vanishes on the
support of F-IBP.

5 Triple cycles

In our companion paper [33], we provided exemplifications for decomposing products of
triple doubly periodic Kronecker-Eisenstein cycles at n = 6,7. In this paper, we extend this
to a derivation applicable to arbitrary sets of three cycles, streamlining the process in two
main steps. Initially, we consider R = () and temporarily set aside total derivative terms
to foreground the central aspects of the demonstration, supplemented by illustrative sketch
graphs to elucidate the process. Subsequently, we unfold the general result for an arbitrary R.

5.1 Ignoring total derivative terms and without additional punctures

In the analysis of the triple cycle product Cy, (&1) Cw,(&2) Cw,(€3), depicted in figure 5,
we initiate the process by decomposing Wj utilizing the relation detailed in (3.4). This

procedure yields,

(1 + 5W1)CW1 (51) CWz (‘52) CWS (53) (5'1)

IBP
= | Mw, &)+ Y. 0+ Y 0N | Cwy(&) Cwsy(83),
joeWs jaeWs

where we have dropped a total Koba-Nielsen derivative term.
The right-hand side of (5.1) entails three terms. The first term, when combined with
Cw, (&) and Cyy,(&3), follows a similar breakdown as demonstrated in (4.3) since My, (&1)
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OO0«

C Wi

Figure 5. The F-IBP reduction of triple cycle string integrand Cy, (£1)Cw, (€2)Cw, (€3) with no
additional punctures. Besides, we further ignore the total Koba-Nelson derivative terms here. &; in
Cw, (&) and My, (&;) are suppressed in the graphs. We break two cycles first with the last cycle left
to be broken in figure 6.

Cw,

Cw,

E

—elel

Cw, Cw,

A

O oo Oy

Cw,

O O o=

My, Cw, Cw,

is free of punctures from Wy or Ws, resulting in,

For the subsequent terms on the right side of (5.1), it is adequate to analyze the second
term only, as the third term exhibits similar behavior through the interchange of Wy and
Ws. In the second term, we observe the formation of a tadpole structure as the chain O

(1 + sw,) (1 + swy) Mw, (§1)Cws, (§2) Cwry (€3)

" Miy, (61 Mir, (€)M (&) + Min, (€)M &) Y O,

M\l 1 CW3
O ONANANS—S- - P O
MW”I CWS

OO O

M Wy M Wo CW3

k&Ws

+MW1(£1)MW3 53 Z 0 k+MW1(£1)<W2>W3>

+MW1 51 Z Oagp Z Oa3q+MW1 51 Z 0a2 »J3 Z Oa3’q

keWsy

peEW; qEWs
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Cw; O n/V\/VhobO
My, My,
< W»O O (5.4) ¢ I
” CONANNS—.- P
My, Cw, My,
aNN\—0- - P
«
ANNNN—0
My,

5.5
W>W>Q %)< ENNANN—e- - P - ENNNNe
3.10 "
CW;; aNN\NN—e

] (WQ < Wg) Mw,

My, My,
SNNNN—e P
SNNNN— - P O O — s
NN P
M, W1 CW3 M, Wy
NN P
0
ANNNN—0
My,

My, Cw, Mw, My,

My, My,
O OO  —|{OwmrO
Mw, My, Cw, Mw, Myw,

OO0

My, My, My,

Figure 6. The F-IBP reduction of Cw, (£&1)Cw, (§2)Cw, (€3) with R = () and the total Koba-Nelson
derivative terms ignored. We continue to break the last cycles left in figure 5.
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SNNNN—e
......... < UTPRETES TP
'cvvvv\—o - onnnne b (5.7) CNNNN—0- P - NN
aNNNN—0 C’W1

My,

Figure 7. Recombine several terms as a sum of products of two cycles, Cyw, (&1)(Wa, W3).

connects with Ws. This necessitates the choice of as = jo for every Oa1 oo leading to
(1+ sw,)Cws(83) Y O Cy (&2) (5.3)
J2€W2
IBP
- CW3 (53) MW2 52 Z Oal \J2 Wl’W2 Z Oa1 2J2 J2J3 )
J2EW2 J2EW?
J3€EWs

where we have used (3.8) to derive the second term on the right-hand side of (5.3). Following
this, the cycle Cyy,(§3) is further decomposed as illustrated below

Ciy (&) My (&) Y. O Musy(&) - O, (MW3(§3)(§3)+ > 0351) :

J2€W2 J2€EW?2 k&Ws
(5.4)

Regarding the second term on the right-hand side of equation (5.3), the chain O"? is
connected to the cycle W3. To break the cycle W3, it becomes necessary to select az = js

for each term OY . | in accordance with the relation specified in (3.4)

a2,j3?

IBP
Cun(&s) Y 0,0 3~ o ol (MW?'“?’” > ow> 89

J2€EW, J2EW, k¢Ws
J3EWs J3EWS3

Upon substituting the results derived from the equations mentioned above into equation (5.3),
we obtain the final form for the second term on the right-hand side of equation (5.1). The
last term in (5.1) can be effectively addressed through a straightforward relabelling process.
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Together with (5.2), they lead to (for R = ()

(Ttswy ) (1 + sws,) (1 + sws) Cw, (§1)Cwr, (£2)Cwry (€3) (5.6)

"2 My, (61) Miw, (62) Miw, (€3) + M, (€)M, (€2) Y. O,
keWn 2

+MW1(§1)MW3(§3) Z Ox?k+MW2(§2)MW3(§3) Z Orfk
keWy 3 keWs 3

+ M0 X 0l 30 0l + 3 Ol X Ol )+ aye(Wi, W W)
peW1 qEW1 2 J3EWs qeEW

+ (1 + swy, ) Cw, (Wa, W3) + (1 + swy)Cw, (W1, Ws) + (1 + sy ) Cwy (W1, Wa)

+ 2(W1, Wa, W3) .

Here, W1 o = WiUWa. The cyclic relabeling mentioned in the fourth line of course refers to the
process of also relabeling the corresponding &;, i.e., (W1,&1) — (Wa, &) — (W3, &3) — (W1, &)
or (Wy,&) = (Ws,&) — (Wa,&) — (Wh,&). We have implemented (3.10) to get the
fusions in the last two lines. Furthermore, we have reversed the relation (3.4) to reconstruct
several blocks as the original double periodic Kronecker-Eisenstein cycle Cyy, (£1) in the
penultimate line,

Y O (Wa, Wa) + > O, (Wa, Wa) + My, (61)(Wa, Wa) (5.7)
pEW, peEWS3
IBP

= (14 swy)Cw, (&1)(Wo, W3) .

This reconstruction is visually represented in figure 7.

The initial two lines on the right-hand side of (5.6) are devoid of cycles. Meanwhile,
in the final two lines, the number of cycles of any type is diminished to either two or one,
a situation we are already equipped to handle.
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This is how we decompose C'(12)(&1) C34)(§2) C56)(§3) in the companion paper [33] and
we present the expression again here for n = 6,

(1+812) (1+534) (1+556) C a2 (€1) Cany(€2) Cray(€3) = Mia(€1) Mia(€2) M (E3) (5.8)
— Mi2(&1) M34(&2) Q66,1230 — Mi2(E1) Mis6(£3) Q34241256 — M34(§2) Mis6(£3) 21222 3456
+ M12(€1)2348256(74,1276,1234 + T4,5T6,12 — T4,6T5,12)
+ M34(£2) 212056 (22,34%6,1234 + T2,5T6,34 — T2,6T5,34)
+ M56(£3)R2128234(T2,5674,1256 + T2,3T4,56 — T2,473 56)
+ (1+512)C12) (§1) 2348256 (74,576, 3 — T4,675,3)
+ (1+534)C 34 (§2) 2128256 (72,5761 — T2,675,1)
+ (1+556)C(56) (§3) 212234 (72, 3741 — ¥24731)
+ Q12034056 (21,422,623,5 + T1,5T2,4%3,6 — T1,622,4T3,5 — T1,4%2,5L3,6

+ X1,6T2,3%T4,5 — £1,3T2,6T4,5 — T1,522,3T4,6 + 561,3162,5564,6) .
Comparing (4.3) and (5.6), one can find

(14 swy) (1 + sw,)Cwy (§1)Cwy (62) (5.9)
21+ sw) (14 sw) (L4 5) G (€)Cma (£)C ROy g

This means, for the product of two cycles Wy, Ws in the presence of additional cycles including
the auxiliary puncture 0, we can conceptualize R to form a third auxiliary double periodic
Kronecker-Eisenstein cycle, denoted as Cy, (f )=C R(é). Subsequently, we apply the triple
cycle formula (5.6) for decomposing the integrands. To finalize, extracting the coefficient of
My, (€) = Mﬁ(f) yields the result pertinent to the scenario of double cycles W; and Ws
in the presence of additional punctures. This methodology extends to the general scenarios
involving more cycles, a topic we will delve into in section 7.

5.2 Considering total derivative terms and with additional punctures

When considering a general }?{, attention must be given to the summation ranges while
applying formula (3.4), resulting in

(14swy) (L+sw,) (14 sw3) Cw, (1) Cw, (€2) Cwrs (€3) (5.10)
= (r.h.s. of (5.6)) []\41/[/1 ({1)MW2 fg Zoa3p+CyC(W1,W2,W3):|
PER
M (e (01, 3 0l 3 0l S0, ) eve(W W 1)
peER qEWs3 J3a€EW13 g€R
+yom( ¥ ol Y ol X ol X ol
peR peRUW, q¢Ws J3€Ws geRUW,
% W,
H(( X o, Yo, > o+ X o, Y 0l S0l )+ (e ws).
Jo€W2 pER q¢Ws J2€W2 J3EW3 peR
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Again, the cyclic relabeling mentioned in the second and third lines of course refers to the
process of also relabeling the corresponding ¢&;.

Specifically, in the triple cycle case with n = 7, additional terms based on (5.8) are
expressed as

(1 +512)(1 + 834) (1 + 856)C12) (€1) C34)(&2) C56) (€3) = (r-hus. of (5.8)) (5.11)
— 26,7 M12(§1) M34(£2) 56 — 24,7 M12(§1) M6 (£3) 234 — 227 M34(£2) M6 (£3) 212

+ [(334,7936,347+964,5936,7 — L4,6T5,7+Ta,12%6,7+T6,1224,7) Mi2(§1) Q3456 +cyc(12, 34, 56)}

- (372,7334,127966,12347 + L2704 5%6,127 + X2,774,65,127

+ 22,3%4,7%6,12347 + 2,473, 7T6,12347 + L2,526,7L4,12567 T L2625 724,12567
+ L2304 5%6,7 + 2,4T35%6,7 + £2,304,6T5,7 + £2436T5,7

+ 25263247 + T2,5T6,423,7 + T2,6753%4,7 + T2,675,473,7) 212823456
+ (total Koba-Nielsen derivatives) ,

where the total Koba-Nielsen derivatives in the last line can be reinstated by replacing
Ty igisT — Tiyin-iy70 = Liyin--i,7 + Vi;. This is unambiguous for any number of factors
Tiy ig--iy,7 Since any pair of V;, V; commutes.

Reference ordering. Throughout the derivation in this subsection, we consistently satisfy
a specific ordering, Wi < Wa < W3, when deciding which original cycle to break in the
absence of f-Q) tadpoles. As a guideline, we prioritize breaking cycles earlier in the ordering.
For instance, we initiate the process by breaking Wi in (5.1). Following this principle, Ws
is broken before W3, evident from (5.2). Finally, W3 is the last to be broken, only when it
remains as the last isolated cycle, as demonstrated in (5.4). This approach defines a reference
ordering, denoted as SR = W; < Wy < Wjs, for breaking the product of triple cycles. It is
crucial to note that different reference orderings can impact the parts of the final results devoid
of new f-Q cycles. Nevertheless, they all yield equivalent outcomes on the support of F-IBP.

6 Labeled forest

The complexity of the results exponentially increases as more original cycles are broken in a
product. Disregarding the terms that involve new f-€) cycles, the remaining elements can be
effectively structured within the labeled forest framework, which we will now demonstrate.

6.1 Labeled forest expansion

In this subsection, we introduce the function Fy, ws,,... w,(9R), utilizing a labeled-forest
expansion method. This approach systematically handles the increasing complexity resulting
from breaking original cycles in a product. The function is defined as,

Fvy W, i (R) 1= > c(V), (6.1)
VGVWLWQ’H. Wy (ER)

where R denotes a reference ordering of the cycles Wiy1, Wigo, .-, W,.. For instance, we can
choose R = W11 < Wige < --- < W,.. This reference ordering, crucially derived from the
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cycle-breaking order discussed in previous sections, influences the function C, details of which
will be provided in sections 6.1.1 and 6.1.2. It is important to note that while different reference
orderings yield algebraically varied results, they remain equivalent when subjected to F-IBP.

To facilitate the expansion in (6.1), our first task is to construct the associated labeled
forests, followed by defining the mapping function C for each labeled forest. The summation
encompasses Vi, w,.... w, (R), referring to labeled forests with roots Wy, Wa, - -, W4, and
nodes Wi, Wiya, -+, W, , explained in detail in section 6.1.1. The function C, on the
other hand, transforms the forest V' into a function of worldsheet and Mandelstam variables,
further detailed in section 6.1.2. The impact of the reference ordering R on the results will
also be elucidated in these sections.

This approach of labeled forest serves as a genus-one extension to the labeled trees,
initially introduced in [53] and extensively utilized in [36]. However, a key distinction
exists between these two combinatorial tools. The tree-level cycles are usually called Parke-
Taylor factors, PT(12---m) := 1/(z12223 -+ zm1) and for a product of tree-level cycles,
PT(Wy)PT(Ws)---PT(W,) with Wy U--- U W, = {1,2,---  n}, the SL(2,C) gauge fixing,
setting z, — oo, inherently breaks one tree-level cycle, transforming it into a tree-level open
chain. Consequently, this open chain emerges as a root and all other punctures will connect
to it once all tree-level cycles are broken, necessitating only labeled trees for combinatorial
purposes. In contrast, at the one-loop level, every cycle Cyy,(&;), when broken, yields a
term Myy,(&;), allowing each My, (&) to potentially serve as a root. This necessitates
the use of labeled forests, essentially a product of genus-one labeled trees, to adequately
address the problem.

6.1.1 Forests

In this subsection, we delineate the process of constructing labeled forests Vi, ws, ... w, ()
pertinent to our study. To begin, we enumerate all forests that are rooted at Wy, Wo, - -+, W,
extending nodes to Wyy1, Wita, ..., W,..b Consider, for example, Vy, w, (W3 < Wy), which
is represented by the following 8 spanning forests,

W4 W3 W3 W4 W3 W4 W3 W4
Wi < W:
. . I/u I I ( 1 2) . (63>
W1 W2 W1 W2 Wl W2 Wl W2

Subsequently, with a reference ordering R established, we systematically disassemble each
forest into an assortment of paths, simultaneously executing a precise blowup of the cycles
in accordance with the stipulated procedures below:

!The total number of such spanning forests is given by the formula,

1—1

t
> I <r R “j) (wi+ 1) (6:2)
0<ui,ug, - ,ur<r—t i=1 i

uitug+-tup=r—t

This expression simplifies to 7" "2 when t = 1. For t = 2, it yields the sequence 1, 2, 8, 50, 432, 4802, 65536,
-oo forr—2=0,1,2,---, respectively.

— 922 —



(1) Initiate by sketching a trajectory originating from the initial element of 2R, progressing
directly towards the roots. Subsequently, forge another trajectory, this time commencing
from the first untraversed element of R, and extend it towards the roots. Inevitably,
this path will culminate upon intersecting with a previously drawn path or at the
roots themselves. Persevere in this methodology, iteratively repeating the process until
every node has been systematically traversed, effectively decomposing each forest into a
comprehensive set of paths. Notably, ensure that all the paths are meticulously oriented
in the direction of the roots.

(2) Replace each root W; with 1 <14 <t by a chain representing My, (&;):

W J@ . (6.4)

(3) If a cycle W; with t+1 <4 < r appears in the middle of a path, blow it up according to

; i b;
w-/Z — a;vvvvvvw ’ (65)

where by our convention b; is the end closer to the root. We will sum over all pairs of
a; and b; in W;.

(4) If a cycle W; with ¢t + 1 < i < r appears at the start of a path, still blow it up as (6.5).
However, only b; will be summed in W;, while a; € W; is arbitrary but fixed. Across
our construction, we keep the same choice of a; if this situation happens.

(5) If a path ends on a trace W, then the endpoint can take any value in W;.

Accordingly, the eight spanning forests in (6.3) generate the following labeled forests:

\/1/{/'1,‘/[/2 (Wg =< W4) : (6.6)
a{3 by aq a3 by aq a3 as
bs as by az I3 :
LVA%VA LR BV AV V) b3 ¢ b3 : b3 ¢ ¢ by
Y Y vy Y Y
OO OO0 GO OO (nw
)
My, My, My, My, My, My, My, My,
by € W
asbeelj, by € Ws, j1 €W1 by € Ws, j1 €W1 by € Wa, j1 € Wi
f‘].";WS by €Wa, js €Ws  bi€Wa, i €W1 by € Wa, j2 € Wa
1 1

in which we have used the reference order R = W3 < Wy. All the paths are directed towards
the roots, and different ones are illustrated by different colors.
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>v C(V)/(Mw, Mw,)

_‘..
: Bs|+|By
Y (_1)| I+ be37a4na3,A3mBg,b3

O O | B
b3seWs aq,by€Wy j1€EWL X.’Eb47j1 Qa4,A4mBZ,b4

My, Myy,
as by a4
J3 %44\% _ 1\|Bs|+|Ba4| )
b ¢ Z Z Z Z ( 1) bey]lﬂag,,Ag,u_lBg,bg
\{
@ O b3eWs j1€W1 baeWy jacWs Xzb4,j3ﬂa4,A4u_|BI,b4
My, My,
as by as
e _1)!Bsl+|Bal .
b3§ Z Z Z ( 1) bey]lﬂag,Agu_lBg,bg,
A B 4
@ i O b3eWs bacWy j1,l1€W, X$b47llﬂa4,A4u_lBI,b4
My, My,
as aq
_1)!Bsl+|Bal .
b3 % %IM Z Z Z Z ( 1) xb3,Jlﬂa3,A3u_|B3T,b3
A \
@ @ b3eWs j1€W1 baeWy jo€Ws Xxb47j29a4,A4L|JBI,b4
My, My,
(W1 < W)

Table 1. Evaluation of labeled forest Vyy, w,(Ws < Wy).

6.1.2 Map

For each V' € Vi, w,.... w,(PR), the map C is defined as

arq\/vvvb:»‘; — (_1)‘Bil—’—lxbi,jﬂai,AimBiT,bi7 O N MW1 (&)’ (67)
My,

i

and the map C(V) is given by the product of all these factors.

According to (6.7), the labeled forests in (6.6) are evaluated at table 1 under the reference
order R = W3 < Wy. Vi, w, (W3 < Wy) is calculated by summing the eight rows directly.
Notably, the az3 € W3 in both the second and third rows remains consistent and is not
subject to summation. Opting for a different ag yields an equivalent Vyy, w, (W3 < Wy) when
F-IBP is applied, highlighting a redundancy in the generating functions of string integrands.
Additionally, selecting R = Wy < W3 would lead to alterations in the first two categories
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of labeled forests presented in table 1,

aq bs a3
j4§'<uw |33|+|B4| ,
b )OEDIED DD DN Zbs.js Ry, AywBT by

— baeWy j1eW1 b3eWs jaeWy

M
@ O Xbe»j4 Qag,Agu.lB?,bg

My, My,

)

bz as b4 aq

|Bg\+|B4\
> > (= Tos.as Ry AwBT by
O O — bi€Wy a3,b3€W3 j1€Wy ,
X$b37j19a3,A3mB§,b3

while the third and fourth categories of labeled forests presented in table 1 remain the same.
The outcome of Vyy, w, (W3 < Wy) is equivalent to that of Vyy, w, (W4 < W3) under F-IBP,
a property that persists across general cases,

Five o e (R) 2 Fivy v (R (6.9)
with 2 and R’ two different reference ordering of Wy 1, Wy o, -+, W,.. Consequently, we define
Fwr Wa,ooo W (Wigt, Wega, -+, W) i= Fuyy w e wi (R) (6.10)

where R represents any reference ordering of Wiy, Wyya, -+, W,.

6.1.3 Examples

Here, we provide additional examples of (6.1) (or, more precisely, (6.10)),

m
Fwywa, () i= T Mw, (&), (6.11)
=1
‘FWI,W27"' W1 (W"') = Z ar,p H MW1 52 )
p€W1,27.,.7T 1 =1
r—2
Wi W e Wi (WT_I’ W) = Z Og[:T 1?10021/‘:21 + Z OIII/I:T 17110 qu H My, (Ez) .
pEW1 2. r—2 pEW, i=1
qgEW12,... r—1 qgEW1,2,... r—2

Concerning Fyy, (Wa, W3, -+ | W,.), the labeled forest actually simplifies to a labeled tree
(specifically, a genus-one variant of those in [36, 53]). However, Fy(W7, Wa, - -+, W,.), which
lacks any root, remains undefined. Furthermore, it is worth noting that the labeled forest
expansion (6.1) essentially consists of a combination of products of (genus-one version of)
labeled trees. For instance,

"rWa,Wb(WC?Wd) = ’FWa(WC7Wd)FWb() + fWa(WC)"er(Wd)
+ Fwa (Wa) Fw,(We) + Fw, ) Fwy, (We, Wa) . (6.12)
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More generally, this can be expressed as,

Fwaws(Wi) = > Fw,(We)Fw,(Wh). (6.13)

CUD=H
Here, W4 denotes a set of cycles {W,|a € A} (e.g., W12 = {W;, Wa}), while Wy (previously
defined in (5.6)) refers to a single set of punctures (e.g., W12 = W7 UW3). By recursively ap-
plying the above identities, any labeled forest can be reduced to a combination of labeled trees.

6.2 Deformed labeled trees for total derivative terms and additional punctures

When addressing total derivative terms or considering cases with R # (), there will be labeled
trees planted on the punctures belonging to the set R. To manage this, we can hypothetically
treat the punctures in R as if they comprise an auxiliary double periodic Kronecker-FEisenstein

cycle, denoted as Cyy, (é) = Cy(§). Utilizing the definition of Fy,,,,
function, Gy, while ensuring that the term Myy, +1(é) associated with the assumed cycle

we introduce a new

is removed in the final step,
gR(le W27 Tty WT) = fWT+1:R(W].) W27 e 7WT)/MWT+1 (é) . (614)

For instance,

Gp(W1) =3 Ouy

peR
Gp(Wi,Wa) = Yoo + Y o o). (6.15)
peR PEW?
qeEWLUR gER

6.3 Rewriting formulae for two and three cycles

Using the labeled forest expansion, we can rewrite previous results for two cycles (4.3) and
three cycles (5.10) as

(14 swr ) (14 sws)Cw, (§1)Cwi, (€2) = Fwy i () + Fuy (W) + Fin, (Wi) + (Wi, Wa) (6.16)
+ Fwy 0G(W2) + Fu, 0G5(Wh) + G(Wh, W),

and

(L4 swy ) (14 swp) (1 + swy)Cw, (61)Cwy (£2) Coiry (€3) (6.17)
= Fwy wa,ws () + Fwy wa (W3) + Fwy ws (Wa) + Fuy ws (Wh)

+ Fy (Wa, W3) + Fy, (W1, W3) + Fuyy (Wi, Wa) + 2(W1, Wa, Ws)

+ (1 + swy ) Mw, (W2, W) + (1 + swy) Mw, (W, W) + (1 + swy) M (W1, Wa)

+ |:(‘FW1,W2()QR(W3) + Fuy VG (W, W3) + Fuy (Wa)G 5 (W3) + fwl(W?,)gR(Wz))

+ eye(Wi, Wa, Ws)| + G (Wi, Wa, Wy).

The clear and discernible pattern observed in these instances motivates us to propose
a conjecture for the most general scenario in the following section.
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7 An arbitrary number of cycles

In this section, we put forth a comprehensive formula to address the product of any number of
double periodic Kronecker-Eisenstein cycles (1.3), drawing on the fusion operations introduced
in section 3 and the labeled forests conceptualized in section 6, along with its meromorphic
counterpart (2.14) in parallel.

7.1 An arbitrary number of doubly periodic cycles

The labeled forest adeptly characterizes terms devoid of any cycles after dismantling all
original cycles. Next, we elucidate the structural pattern of remaining terms containing
various cycles, including original cycles W; from the inverse operation of (3.4) like (5.7) and
new f-Q cycles emerging from fusions (3.11). Intriguingly, their behavior mirrors that of
standard cycle expansions in determinants, which we shall now explore.

Consider an r x r matrix H with elements h; ;. Each permutation p of {1,2,...,7}
corresponds to a product of label-cycles,

p— (I)(J)---(K). (7.1)
For example, the permutation 1324 corresponds to (1)(23)(4). Thus, the determinant of
H can be expressed as:
pPESr

where Hyy = hi1, H(12.») = hi2has ... hp1, ete. For instance,

det <h21 h22> = HqyHg) — H) = hirhaz — hizhor - (7.3)

By extending the definition such that h;; = — Z§=1 hij — hir41, we obtain an alternate

J#i
expansion of det H devoid of H-cycles, in alignment with the matrix tree theorem [54].
For instance,

hi1 h
det 1 = h13h23 + h12h23 + h21h13 . (74)
ha1 hao

These insights into cycle expansions and their connection to results free of H-cycles set
the stage for discussing the product of Q-cycles.

Now, we are ready to present our general ansatz, incorporating the labeled forest (6.1)
and its variant (6.14), the cycle expansion of a matrix (7.2), and the fusion operation (3.11).

Ansatz. We introduce a general ansatz to dissect the product of double periodic Kronecker-
Eisenstein cycles (1.3) as follows

T

O +sw)Cw, = => UV Ty + > Fw(W) (7.5)
i=1 PESm WC{Wy, W, }
p#12:r W0
+ Y Fwa(WB)Ga(We) + Gp(Wh, - W,).
WAUWRUWo
:{le'“WT}
WA, We#0D
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where W denotes a non-empty subset of {W1, Ws, ..., W,.}, and W its complement. The
final two terms translate to a complete Koba-Nielsen derivative when R, as defined in (1.3), is
empty. The initial summation spans all permutations of {1,2,...,r}, excluding the identity
permutation, with each permutation decomposed into label-cycles as in (7.1). We define
the length-1 W-cycle ¥(; as

Vi) = (14 sw;)Cw; (&) (7.6)
and longer W-cycles via fusion
\Il(ilaim"wﬂu) = _<Wi17 Wiy, -+ aWi|I|>- (7.7)

The condition p # 12...m in (7.5) ensures that the product W )W ... ¥ k) contains
at most m — 1 factors, implying a decrement in the total number of cycles, both original Cyy,
and new f-Q cycles, on the right-hand side of (7.5). This renders (7.5) an effective recursion
formula, enabling the reduction of a cycle product to a basis within a finite number of steps.

The exclusion of p # 12...r is intuitive, as the identity permutation represents the
left-hand side of (7.5), as indicated by (7.6). Note that the last three terms on the right-hand
side are devoid of any cycles, drawing a parallel to the matrix tree theorem.

Two examples of (7.5) are given by (6.16). Here we give another example of 4 cycles,

(1 + SW1)(1 + 5W2)(1 + 5W3)(1 + SW4)CW1 (gl)CWz (§2>CW3 (53)CW4 (54) (78)
= Fwswawowa () + [Fivawy (W, W) + (12[13,14,23, 24, 34)

+ _‘FW1,W2,W3 (W4) + fW1 (W27 W37 W4) + CYC(Wla WQa W3) W4)]

+ [(1+ 5w ) (1 + 5w, Cuny (€) Cos (€4) (Wi, Wa) + (12]13,14,23,24,34)
+ :2(1 + swy)Cay (§4) (W1, Wa, W) + cye(Wr, Wa, W, W4)]
+ (W, Wa, Wa, Wa) + perm(Wa, Ws, Wa)| — [(Wr, W) (Ws, Wa) + cyc(Wa, Ws, W)
+ > Fwa(Wp)Ga(We) + Ga(Wi, Wa, Ws, Wy) .
WALUWBUWo
={W1,W2,W3,Wy}
WA, Wc#D

Here the relabeling of cycles W; of course refers to the process of also relabeling the corre-
sponding &;. We have verified it for C(19)(&1) Cr34)(&2) Cs6)(€3) Crsg) (§4) with n = 10.

7.2 An arbitrary number of meromorphic cycles

Our methodology to decompose a product of cycles in a doubly periodic scenario is read-
ily applicable to meromorphic cases within the chiral splitting framework, as outlined in
section 2.2.4, through a straightforward application of substitution (2.26).

Concretely, the expression for formula (2.27) can be recast as

(1+sw)Cw(§) = Mw(&)+ > O, (7.9)
ig¢W
0<i<n
with O :=-Y" Y ()P, F.,,, acWigW,0<i<n,

pEW  pcAwLBT
p#a (a,A,p,B)=W
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where Z,, o is introduced for notation compactness to include the total Koba-Nielsen derivative

terms and the loop momentum terms,

ZpoFupp = (—Lkp+Vp)Fapp. (7.10)
Example cases include,
~(12) = ~(12) - .
O’ = Fia(n2) €-ka — VaFia(n2), O,;" = —Fiza(n2)¥2; fori>3, (7.11)
ONSOQ) = —F12(772) gk‘l + @1F12(772) 5 O~§,112) = F12(772)-i'1,i for 4 > 3. (712)

We proceed to the application of formula (7.9) for a product of meromorphic cycles (2.14).
First, we derive the result analogous to (4.3) for two cycles

(1 + 5W1)(1 + SW2)0W1 (€1)0W2 (52) (713)
= My, (£1) M, (&2) + Mw, (€1) D O + M, (&) > Ony, + (Wi, Wy)”
J1EW] J2E€EW,
+ My, (&) > OZ?J-I + My, (&) Y 03[1/,1]-2 +> 00 N o,
J1€R j2€R peR qgEWa
%% W:
+ Z Oahljz szi]’
J2€W2 qeR

with a1 € Wi,ae € Ws. The fusion for meromorphic cycles is defined as,

1
F._ = | B1]+| B2
<Wl7 W2 > T 9 Z (_1) Fal,AlLI_IBT,bl xb17a2 FaQ,AQLUBg,bQ mb2aal .
a1,b1€W1,(a1,A1,b1,B1)=W1
a2,b2€Ws,(a2,A2,b2,B2)=W>

(7.14)
With a slight abuse of notation, we have used the abbreviation

Fo auprp = Z Foop- (7.15)

occAwBT

The generalization of (7.14) for more meromorphic cycles is straightforward.
To extend this to the product of more meromorphic cycles, we introduce the labeled
forest for F' functions analogous to (6.1),

Fvy Wa 3 (R) 1= > D(V). (7.16)
VEVWl’W%AAA Wy (%)

The function Vyy, w, ... w,(R) is the same as the one defined in section 6.1.1 and the map D
differs a little from C defined via (6.7). For each V' € Vyy, ws, ... w, (PR), the map D is defined
as For each V' € Vi, w, .. w,(R), the map C is defined as

v o ()P R, e, () o M), @)
N,

and the map D(V) is given by the product of all these factors.
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Different choices of reference orderings lead to the same G on the support of F-IBP.
Hence we define

ﬁWth'” Wy (Wig1, Wiga, -+ W) = ]}W1,W2,-~~ Wy (R) (7.18)
analogous to (6.10), where SR could be any reference ordering of Wyi1, Wito, -+, W,
le,W%...,Wt(WtH, Wisa, -+, W,) is free of R and hence free of loop momentum. All

loop momentum dependence can be elegantly encapsulated in
QR(le W27 ) WT) = ﬁWrJrl:R(Wl’ W27 e 7WT)/MWT+1 (é) ) (719)
analogous to (6.14).

Ansatz. We propose a comprehensive ansatz to decompose a product of meromorphic
Kronecker-Eisenstein cycles (2.14), expressed as

r

[HO+sw)Cw, = =Y ¥ ¥y Vg + Y. Fw(W) (7.20)
i=1 pESy WC{Wy,--W,}
pA12-1 W0
+ > Fwa(Wg)Ga(We) + Gp(Wh, - W),
WAUWBUWeo
={W1, Wy}
W4 ,We#0

where the length-1 ¥-cycle \i/(i) is defined as
\i’(z) = (1 + SWz)éWZ (5%) ) (7'21)
and longer one is defined through a fusion

F
)= —<VVZ'17 Wiy, - 7Wim> : (7.22)

(11,82, )1

These definitions facilitate a structured and efficient decomposition of the product of mero-
morphic cycles.

8 Mathematica code and more examples

We have successfully implemented formulae designed for breaking single Kronecker-Eisenstein
cycles, addressing the intricacies of both doubly-periodic Q-cycles (2.21) and meromorphic
F-cycles (2.27). Moreover, our implementation extends to efficiently handle products of
two, three, or four cycles. To further illustrate the practical utility of these formulae, we
have assembled a collection of numerous examples and demonstrated their applications to
string integrands by generating identities for Kronecker-Eisenstein series coefficients. This
comprehensive set of computational resources is conveniently packaged in an accompanying
Mathematica notebook titled breakingcycles.nb in the supplementary material. While
some examples derived from our formulae (7.5) and (7.20) are too intricate to be included
directly in the paper due to their complexity, they are readily available for exploration in the
notebook. The organizational structure of the notebook is detailed in figure 8, where the
outcomes for 2-cycles and F-cycles are thoughtfully presented in two parallel sections.
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Foreword

Initialization cells

Q-cycles

Single-cycle formula
Applications to string integrands
Double cycles

Triple cycles

Four cycles

F-cycles

Single-cycle formula
Applications to string integrands
Double cycles

Triple cycles

Four cycles

Figure 8. The organizational structure of the notebook. Following the execution of initialization
cells, users can navigate to specific sections or subsections tailored to their specific objectives.

The codes in the notebook were made as transparent and intuitive as possible. In
doing so, we have named variables to closely mirror their representations in the paper. For
instance, entering [1][2,3] will yield the output f2(13) (or Subsuperscript|[f,"2,3", "(1)"] in full
form in Mathematica). Notably, the system recognizes f2(13) and f[1][2,3] as synonymous, a
fact verifiable using the command FullForm in Mathematica as shown below,

In[1]:=£[1][2,3]

Out [1]=f. 2(’13)

In[2]:= fz(}g//FullForm
Out [2]=£T[1][2,3]

In our approach, we interpret the equations in the paper as distinct replacement rules.
Consequently, certain functions have been defined with the suffix “~repl”. As an example, to
dissect a Kronecker-Eisenstein series {2-cycle, denoted as C(; (&1), the command Cboldrepl
is employed according to (2.21),%:3

In [3] = CbOldLQ [61]
Out [3]= 0172[51]
In[4] :=Cboldrepl, 5[]

M1,2[£1] - E?oldComplement[punctureset,{1,2}] 91,21'2,1' + v2[9172]
s12+1 s12+1

Out[4]=

2In Mathematica, one can either type Cboldrepl, ,[£1] using shortcuts for subscripts or directly type its
full form, Subscript[Cbold, 1, 2] [Subscript[{, 1]1].

3The command Cboldrepla, ; .. , [£] is designed to automatically set a = ¢ when applying (2.21). For
situations requiring different choices of a, one should opt for using Cboldrepla directly, with an example being
Cboldrepla; , [§21 [4] to specify an alternative value for a.
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where “punctureset” represents the set of all punctures. Once assigned a value, for example,
punctureset = {1,2,3,4,5}, one can replace holdComplement with Complement to obtain
an explicit result,

In[5] :=punctureset = Rangel[5];
In[6]:=Cboldrepl; ,[{1]/.holdComplement->Complement

Mip[&]  Quowos+ Qipz24 + Qiowa5 + Va2 9]

Out[6]=
s12+1 s12+1

Similarly, one can utilize Mblodrepl to get the explicit expression of M) 2[¢1] according
to (A.6),

In[7]:=Mbold; 2 [&1]
Out[7]= Ml,g[fl]
In[8] :=Mboldrepl, 5 [&;]

0ut (81= 21,5 (51,2 + Dvr, €] — 5V o)) + 51,20, [€1.2]

As elucidated in the companion paper [33], obtaining identities for Kronecker-Eisenstein
coefficients ¢(®), f(®) defined by (2.6) from the identities of their generating functions involves
extracting the coefficients of bookkeeping variables 7; and ; in a specific order, as illustrated
in (A.15). To facilitate this process, we have introduced the command OrderedCoefficient.

For instance, to extract M o(&1)]]| = (M1’2(§1)|778)|§?’ the command is executed as

3,9

follows,*

In[9] :=0rderedCoefficient [Mboldy 2, {12, {1}]
Out [91=2s512 /{3 + Ga

where Gy is defined in (A.10). On the other hand, C1 5)[€1]],0 0 = Va(1,2) = 235 + 3 £5Y.
2551 ’ ) ’

Hence the code successfully reproduces the elementary observation Va(1,2) = 2s; 9 f1(22) + Gg
within the F-IBP support for the case n = 2.

The primary focus of this paper is to break a product of cycles. For this purpose,
we have developed the command BreakingOmegaCycles to break a product of up to four
Kronecker-Eisenstein series (2-cycles. For instance, to break C(; 9)(§1)C(3.4)(§2) with n =5,
the code is executed as follows,

In[10] :=BreakingOmegaCycles[{1, 2}, {3, 4}, Rangel[5]]
13024801 2034~ 214023012034 T1aw25Q1 2034 Vy[Q54 M 5[61]]

Out [10]= ..
b (s12+1)(s34+1) (s124+1)(s34+1) (s12+1)(s34+1)

4The command in fact consists of three parameters: OrderedCoefficient [generatingFunction_,list_,
truncate_:6]. Here, the third parameter, truncate, has a default value of 6. This parameter is instrumental
in controlling the expansion in equation (2.6). Typically, the default setting of truncate=6 suffices for
examining cases where n < 6. However, it is possible to specify a larger value for truncate to accommodate
more complex analyses or studies requiring a broader expansion.
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Here, the last entry, Range [5], in In[10] is used to denote the set of all punctures. It is
noteworthy that the function BreakingOmegaCycles automatically assigns the two cycles
with bookkeeping variables &1 and &, eliminating the need to specify them in In[10].

Utilizing the command OrderedCoefficient, we can derive the formula to break
Va(1,2)Va(3,4),

In[11] :=0rderedCoefficient [Out [10], {12, n4, &1, E2}]
G3 - Gz$2,3f1(712)f2(,13) +- = Vy [ :§,14)(281,2f1(,22) + é2)]

Qut[11]= (81’2 1) (3374 n 1)

Simply running the command

BreakingOmegaCycles[{1,2,3},{4,5,6},Range[6]],
BreakingOmegaCycles[{1,2},{3,4},{5,6}, Rangel[6]],---

allows one to recover all the double and triple cycle examples presented in the companion
paper [33]. The command also works seamlessly for four cycles, requiring only a few seconds
even for an example with n = 10,

BreakingOmegaCycles[{1,2},{3,4},{5,6},{7,8,9},Range[10]]

We have verified that the output of this command aligns perfectly with the formula (7.8).
This showcases the efficiency and accuracy of the command in handling various scenarios,
even for relatively large values of n.

For a product of meromorphic Kronecker-Eisenstein F-cycles, the appropriate command
to use is then BreakingFCycles instead. For example,

In[12] :=BreakingFCycles[{1, 2}, {3, 4},{5, 6}, Rangel[7]]
Fy 239 5 M3 469 M5 6[&3] FioF3 4 F560-kol-kyl -k
(s12+1)(s3a+1)(s56+1) (s12+1)(s34+1)(s56+1)
C-koNV 4 [Fy 9 F3 4 F5 671 6]
(s124+1)(s34+1)(s56+1)

Out[12]= —

(w)
Z?] ’
By leveraging these commands, one can effortlessly generate numerous examples that

Similarly, to obtain identities for g the command OrderedCoefficient?2 is employed.
demonstrate the utility of our formulae (7.5) and (7.20), along with their applications to
Kronecker-Eisenstein series coefficients. Further explanations and examples are available

in the accompanying notebook.

9 Tadpoles, multibranch and connected multiloop graphs

In the preceding sections, we tackled the scenario involving a product of isolated cycles,
culminating in a closed-form expression. However, it is conceivable that more intricate
configurations, beyond isolated cycles, may emerge in the generating functions of string
integrands.
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z5 Z4

) isolated cycle b) tadpole (¢) multibranch graph
z10”
) A product of multibranch and tree (e) connected multiloop graph
graphb

Figure 9. Sketches of monomials of Q(z;;, B, ) or its non-trivial coefficient fl-“j>0. BEach Q(z;j, Bk, T)

or its non-trivial coefficient fi(;»wo) is depicted by a thick line connecting node z; and z;. Although the §
variables play a role in Q(z;;, Bk, T), we choose to simplify the sketches by temporarily excluding them.

To unravel the complexities of a monomial in €(z;;, Bk, 7) or its non-trivial coefficient
fw>0 a graphical representation proves invaluable. In this representation, each instance of
(zzj, Bk, T) or fw>0 is depicted as a substantial edge linking nodes z; and z;. For the cases
involving Q(z”,ﬁk, 7), we can further embellish the edges with the bookkeeping variables S.
Although we opt to temporarily set aside this additional notation for the sake of clarity, the
sketch still manages to capture the essence of the properties of monomials.

As illustrated in figure 9, attaching a single line to an isolated cycle results in a tadpole
while attaching additional lines or trees produces a multibranch graph. Notably, isolated cycles
and tadpoles can be considered as specific cases of multibranch graphs. Consequently, a uni-
versal generating function for massless string integrands would comprise a linear combination
of products of multibranch and tree graphs.

Developing a comprehensive formula to accommodate these varied cases is a formidable
challenge. Rather, our focus shifts to elucidating the fundamental strategy for translating any
product of multibranch structures into a basis form. This approach draws inspiration from
tree-level treatments, such as in [35], and encompasses two pivotal steps: first, we demonstrate
the procedure for translating any tadpole into a basis form; subsequently, we extend this
methodology to handle multibranch structures by reducing them as tadpoles. Further, in
section 9.4, we initiate the discussion on the handling of connected multiloop graphs.

9.1 Reducing tadpoles to chains by bruteforce

When dealing with the product of cycles in previous sections, we encountered tadpoles in
the intermediate state. In those specific cases, it was possible to transform all intermediate
tadpoles into isolated f-Q cycles using the fusion operation (3.11). However, this elegant
method may not be universally applicable. In this subsection, we provide a brute-force
approach to decompose any tadpoles into chains.
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Consider the tadpole C(123)(§)234(51)S25(B2) depicted in figure 9 (b). Applying the
single-cycle formula (3.4) with z, = 23 as the special point to break C(;23)(&), we obtain,

(1+5123)C(123) (§)Q234(81) 5(B2) = <M123(§) — Q312> w2+ Q32 > w1y (9.1)
=4 =1

— Vo312 + V19321)Q34(ﬁ1)945(ﬁ2) ;

where the total Koba-Nielsen derivative terms w.r.t. z; and z3 can be omitted. The com-
binatoric behaviour of (9.1) can be shown by

[ )
l‘ ’ ‘\ ’ Z1 22 R3 24 %5

where a thick line connecting node z; and z; could be Q(z;;, B, T) or fi(jl). The dashed cycles
represent the remaining particle set R following the conventions in figure 4. However, in
this context, they merely specify the summation range and total Koba-Nielsen derivative
terms on the right-hand side of (9.1).

The right-hand side of (9.1) introduces new f-Q tadpoles, exemplified by (leg fQ(i)
Qa(B1)) Qus (), and isolated f-Q cycles, such as Qg1a £33 Qa4(51)0u5(52). Significantly, the
tails of the new f-Q) tadpoles are consistently shortened, as illustrated by the transition from
Q34(51)45(82) to Qu5(B82) or 1. This phenomenon is explicitly depicted in (9.2). Through

the iterative application of the F-IBP relation (3.4), we can systematically transform f-Q
tadpole graphs into a summation of labeled trees.

For example, for the newly induced f-) tadpole

(1 + s1234) (93125132,4934(51))945(52) (9.3)
= (1 + s1234)524 (912(772)924(0943(—51)931(—773))945(52)\@

= (1 + s1234)824 (0(1243) (5)‘ a2 —C >Q45(52)f<o ;
n3—>C—E—na
Mm——B1—C
E——n3
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we have

(14 s1234) (9312332,4934(,31))945(52) = KM1243(§) — Doz Y w3, (9.4)
i=5

n n
— Quzan ) @i+ (Quoza + Quzoa) D 9U4,z') m—m—¢ (1+ 81234)824945(52)}
i=5 i=5 N3—C—E—1
ma——B1—¢
E=—m3

CO

New length-5 isolated f-£2 cycles such as Q124323 5¢25(52) are induced on the right-hand
side of (9.4), but we already have the tools to decompose them.

Regardless of the complexity of the tadpole, one simply needs to repeat the above
operation a finite number of times until the tadpole is reduced to the basis.

9.2 Reducing multibranch graphs as tadpoles

In the previous subsection, we demonstrated the utility of the single-cycle formula (3.4),
specifically its feature of lacking one Koba-Nielsen derivative for a puncture, in break-
ing a tadpole. This approach initially seems inapplicable to multibranch graphs, such as
C123)(§)14(581)2s5(B2), depicted in figure 9 (c).

Nonetheless, we can circumvent this issue with a straightforward strategy. Observe that
removing a graph segment containing a portion of the cycle transforms the remainder into a
labeled tree. This tree can then be expressed as a sum of labeled lines sharing a common
starting point using Fay identities (2.5) (or (2.10) in practical applications). Take, for instance,
the chain Q14(81)Q12(n23 + £)Qos(n3 + £)Q35(F2) in figure 9 (d), which we can interpret as a
labeled tree rooted at point 1. Applying Fay identities and denoting 15 = 51 + P2, we obtain,

(914(51)912(7723 + &) (ns + 5)935(ﬁ2))931(§) (9.5)

n—m2  Q31(§)
n3—n3+E—P2

na—B1

15— B2

= (914(7723 + &+ B1)Qa2(m23 + §)Q23(n3 + £)Q35(52)

+ Qi2(n23 + &£ + B1)Q24(n3 + £ + B1)Q43(n3 + £)Q35(B2)
+ Qi2(n23 + £ + B1)Q23(n3 + £ + 51)234(512) s (B2)

+ Qa(mas + €+ B1)Qas(ns + €+ 51)935(512)954(51))931(5) ;

whose combinatoric behavior can be shown by

= <914235 + Q12435 + Q12345 + 912354)

Z4
lel /\ /-\
Z9 — ) ) /\ ) /\ . (96)
F3%3 21 R4 2 Z3 5 R1 R2 %4 X3 X5 X1 X2 23 24 R5 21 22 R3 R5 X4
25

In this manner, we have outlined a systematic process for transforming any multibranch
graph into a combination of tadpoles, which can subsequently be reduced to labeled trees
using F-IBP.
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9.3 General treatment for a product of multibranch and tree graphs

The most complex graphs, lacking interconnected cycles, resemble the structure depicted
in figure 9 (d). These are composed of isolated tadpole and multibranch graphs, possibly
interspersed with various labeled trees. Utilizing the methodologies previously discussed, we
can systematically convert tadpole and multibranch graphs into labeled trees attached to
other connected components, consequently reducing the overall cycle count by one. This
recursive approach ultimately eliminates all cycles, yielding results solely composed of labeled
trees or their products, which can be directly simplified using Fay identities.
To better elucidate this concept, consider the example below,

C12)(£1)213(81)224(82) Cs6)(§2)257(83) Qs (Ba) - (9.7)

Initially, we transform the multibranch C(12)(£1)Q13(51)$224(82) into tadpoles,

Cl12)(§1)13(81)Q24(B2) = <913(?72 + &1+ B1)232(n2 + £1)Q24(62) (9.8)
+ Qua(n2 + &1 + B1)Q23(B12)234(B2) + Q2 (2 + &1 + 51)924@12)943@1))921(51) :

Focusing on the first tadpole on the right-hand side of (9.8), we apply F-IBP

(a2 + €1+ B1) 22 + €)221(61) ) Q24(B2) Cse (62)257(B3) s (B) (9.9)

= (M132(?72 + 80|, 5 — Qa1 (=m2)Q3(B1) Y w5 + Qas(—n2)Qs1(—12 — B1) Z:C“)
i=a

i=4

x Q24(B2) C(56)(£2)257(83) 68 (Ba) -

The tadpole (Q13(7]2 + &1+ B1)Q32(n2 + §1)921(§1))Qg4(5g) is now reduced to chains and
isolated cycles. The latter can be further decomposed until they also become chains which
may attach to the second multibranch Csg)(£§2)$257(83)S2%s(84). Regardless of the complexity,
we have effectively reduced the cycle count by one and need only to further reduce the
second multibranch Csg)(§2)$257(83)26s(4). Similar reduction steps apply to the other
tadpoles in (9.8). Though the final expression may appear intricate, we have demonstrated
its reducibility to simpler forms.

9.3.1 Comments on possible refinement

Up to now in this section, we have demonstrated a systematic method to decompose any
product of isolated cycles, tadpoles, or multibranch graphs into basis elements. Although this
approach is effective, more efficient methods may exist, particularly in practical applications.
A prime example is the product of pure isolated cycles discussed in the preceding sections.

In the context of bosonic or heterotic string integrands, we encounter another crucial

element alongside elliptic functions V,,(1,2,---,m), defined as,
N D)
&= e-kify, (9.10)
j=1
J#1
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where ¢; denotes the gluon polarization.” Products of & can potentially yield multibranch
structures upon expansion, implying that our existing knowledge on handling Cyy’s might
be insufficient. However, employing a strategy analogous to that used at tree level [36], we
can treat &; as a length-1 “cycle”. By extending the definitions of genus-one fusions (3.11)
and labeled forests (6.1) to incorporate &;, we can develop a recursive formula akin to (7.5)
for integrands involving &;. For instance, similar to (4.3), for a single &), paired with a
single cycle, we derive,

(1+ s12... 7n_1)C(12..‘ ,n—l)(él)gn = M12..,m(§1)éan (9.11)
n—1
- Z Z (*1)‘B‘ En'ka fr(ulz) (mb,n + Vb) Qa,p,ba
a,b=1 pGALI_IBT

aib (a7A7b7B):(1927"' ,’I’L*l)

The final term on the right side of (9.11) introduces isolated length-n f-Q cycles, which
can subsequently be broken down using (3.4). Despite this, a comprehensive derivation of a
general formula to address an arbitrary number of &; is beyond this paper’s scope, marking
the end of our discussion on &;’s here.

9.3.2 A product of meromorphic multibranch and tree graphs

The methodologies outlined in this section are equally applicable within the chiral splitting
framework. In this context, we define a meromorphic tadpole as a monomial where all
instances of €2 in a tadpole are substituted with F', exemplified by C~’(12) (&) Fp3(B). Similarly,
a meromorphic multibranch can be defined, such as C(19)(£) Fa3(81) F14(B2)-

Given that Fj ;(B)) and €2; ;(5k) obey identical Fay identities, as expressed in (2.5), we
can reduce any meromorphic multibranch to meromorphic tadpoles in the same manner
as we do for ©’s. The equivalence established in (9.5) remains valid when substituting all
occurrences of ) with F.

Addressing meromorphic tadpoles, it is crucial to be mindful of the attaching point when
applying the formula (7.9). Upon breaking the cycle in an original meromorphic tadpole,
the tails in the resultant g-F' tadpoles are shortened. For example,

(1+ 512)C12) (&) Fiz(B1) F3a(B2) = <M12(€) + Fia(n2) L-k2 — Fiz(n2) zn: fiz,i) (9.12)
=3

x Fi3(B1) Fs4(B2) — Va(Fi2(n2) Fi3(B1) Fs4(532)) ,

where the tail Fi3(81)F34(82) in the meromorphic tadpole on the left-hand side of (9.12)
becomes the shorter tail F34(f52) in the g-F tadpole Fia(n2)Z23F13(51)F34(82) on the right-
hand side. This recursive approach allows us to reduce any meromorphic tadpole to its
basic form.

For products consisting of isolated meromorphic cycles, meromorphic tadpoles, or mero-
morphic multibranch graphs, we can sequentially break down the cycles using the afore-
mentioned techniques.

5For a graviton, we need two copies of this.
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9.4 Towards connected multiloop graphs

In generating functions for genus-one string integrands with massive external legs, a typical
new structure beyond multibranch graphs is the connected multiloop graphs, where two
or more cycles interconnect, exemplified by [[;_; Qi2(x;) for r > 3. In this paper, we
embark on the relevant study by addressing the challenge of reducing [[;_; Q12(x;) to a
basis, commencing with the two-loop case of r = 3 as depicted in figure 9 (e). This process
presents a form of generalization from the r = 2 case, discussed in section 2 of the companion
paper [33]. A comprehensive treatment of any connected multiloop graphs remains a subject
for future exploration.

9.4.1 Two connected loops

As already used in [33], by carefully taking the limit z; — z and zo — —z in Fay identities (2.5),
one can derive the following identities

Qz, 11, 7)Q(=2,m2,7) = Qz,m—12,7) (G (2, 7) — §V (1, 7)) + 0.9z, m—m2) . (9.13)
From this, we deduce,
Q12(x1)2(x2)2(x3) = Y2(x12)212(x3) (Q(l)(Xw’ ) =" (xa, T)) (9.14)
— Q12(x3)022(x12)

where x12 = x1 + x2. The term Q02 prompts us to employ IBP relations, leading to two
simultaneous equations

7,02 (912(X12)912(X3)) (o)) (912(X12)912(X3) ) 912()(12)912(9(3)(321”)
= ( —s12fly) + > soifs)) + (92) (912(X12)912(X3)In) . (9.15)
i—3
Together with

fl(;)Qn(Xu) = 022(x12) + ( )(x12) + Ox1 ) Q12(x12) 5
F502(x3) = 02Q12(x3) + (50 (x3) + Oya) 12 (x3) (9.16)

they lead to the following two simultaneous equations,

D12(x3)12(x12) + Q12(X12)02012(X3) (Z soifsy) + V2> (QIQ(XIQ)QIQ(XS))

= —51902(x3)P2(x12) — 51222 (x3) (V) (x12) + Ix1 ) Q12(x12)
= —51902(x12) P22 (x3) — 5122 (x12) (31 (x3) + Dys) 2(X3) - (9.17)

Solving these two equations (9.17) for the two Q0 terms, we get
A~ (1+512)B12 + B

M2(x3)0212(x12) = 5 510 ,
A—(1+s12)Bs+ B
M12(x12)02012(x3) = ( 5 —1—123)123 2 (9.18)
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with

A= (éSQifz(il) + V2) (912(X3)912(X12)) ;

Biz = Qa(x3) (9N (x12) + 1 ) 2(x12) ,
Bs = Qua(x12) (5 (x3) + Oys) Qu2(x3) . (9.19)

By incorporating the solution from (9.18) into (9.14), the following concise representation
is achieved

Q12(x1)Q12(x2)2(x3) =

s (6 201200 02) - 2+ 51209 00+ 1+ 522)0,,
+ 512

— iV (x3) =0 — 32if2(i1) - V2>Q12(X12)Q12(X3) ; (9.20)
i=3

successfully eliminating all structures of connected multiloop graphs and only leaving isolated
cycles or f-) tadpoles, which are already understood and can be further simplified.

Note that (9.20) is an exact formula with the Koba-Nielsen derivative of z; not partic-
ipating on the right-hand side. Consequently, if there are chains directly attached to this
graph of connected multiloop graphs solely through z; or z; in the generating functions
of comprehensive string integrands (e.g., 212(x1)212(x2)212(x3)214(8)), the Koba-Nielsen
derivative term Oa(- - - ) on the right-hand side of the formula transforms into a total derivative,
which can then be disregarded, simplifying the expression further.

9.4.2 General case

In general, for any » > 2, one can derive

" 1
12200 = P . {(27” —3+2512)7M (x12) — (r = 1+ 512)§"V (x1) + (r — 2+ 512)0y,
i=1
=3 (800) — 0y ) = Y sufs)) - Vz} Q2 (x12) [T 212001) (9.21)
i=3 i=3 i=3

successfully reducing the number of cycles by one. Through recursive application, such
connected multiloop graphs can be simplified down to a basis, showcasing the versatility of
this approach for a broad range of cases. This comprehensive demonstration underscores
the robustness of the method, affirming its capacity to simplify any polynomial of €2; ;(5k)
down to its basis components.

Following a parallel structure to (9.21), we also establish,

- 1
[TF206) = F—1xs, [(27“ — 3+ 2512)g" (x12) — (r—1+512)9™) (x1) +(r =2 + 512) 0y,
i=1 12
-> (g(l)(Xi) - 3;@-) -> 822‘92) + L-ky — @2]F12(X12) I Fia(xi) . (9:22)
i=3 i=3 i=3

validating the applicability of this methodology within the chiral splitting formalism as well.
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10 Discussion

In our companion paper [33], we significantly refined Fay-identities and integration-by-parts
(F-IBP) methodologies applied to one-loop string integrals with Koba-Nielsen factors, fo-
cusing on Kronecker-Eisenstein series and their associated coefficients f (w)(zz-—zj, 7) and
g(“’)(zi—zj, 7). We managed to express these elements in terms of conjectural chain topology
bases for generating functions of one-loop string integrals [20—22]. Building upon these ad-
vancements, the present study broadens the scope of the recursive strategies introduced in [33],
encompassing a greater variety of Kronecker-Eisenstein cycles and unraveling the elegant
combinatorial structure of their F-IBP reductions. Utilizing single-cycle formulae derived
previously, we successfully decomposed products of any number of Kronecker-Eisenstein
cycles into a chain basis, albeit introducing certain total Koba-Nielsen derivative terms in the
process. To facilitate application and accessibility, we have embedded our main results within
a Mathematica framework. Our study does not just stop at cyclic products; it delves into more
general configurations of the Kronecker-Eisenstein series and coefficients that naturally appear
in the moduli-space integrand of genus-one string amplitudes. These additional contributions
are represented through tadpoles, multibranch structures, and connected multiloop graphs.

This paper succinctly formulates a method to break down products of isolated cycles of
the Kronecker-Eisenstein series. However, for the most general massless string integrands
without coupling terms from left- and right-moving sectors, we provide a comprehensive yet
potentially intricate conceptual framework for application. This intricacy becomes more
apparent when dealing with particular string integrands, such as those in heterotic strings
with external graviton vertices, which we acknowledge may require additional efforts for
streamlined basis decomposition, as detailed in section 9.3.1. We also showcase recursive
reduction in connected multiloop graphs, typically appearing in the case of massive external
string states. A complete exploration of combinatorial toolboxes for handling any polynomial
of the Kronecker-Eisenstein series remains an open avenue for future work.

In terms of enhancing computational methods in string theories, this paper improves
tools for a/-expansions for genus-one integrals. Thanks to this work, clarifying the physical
relevance of basis coefficients can be taken more easily. This leads to optimized computations,
validation of the chain bases, and advancements in low-energy expansions of one-loop string
amplitudes [20, 21, 24, 55].

Moreover, our decomposition techniques pave the way for decomposing genus-one string
amplitudes into gauge-invariant kinematic functions and exposing double-copy structures in
general one-loop open-string amplitudes akin to those for maximal supersymmetry [56, 57].
In particular, this discovery prompts the possibility of uncovering analogous structures and
loop-level double-copy relations in heterotic and bosonic theories, thereby extending the
quantum-field-theory building blocks at tree level [6, 11-13].

Our work not only generates relations between string theory amplitudes via equivalent
relations among string integrands, but also reveals much more relationships among partial
loop integrands of field theories such as Yang-Mills, GR, Einstein-Yang-Mills theories etc.
in the field theory limit, a domain where our results are particularly applicable [43, 58].
By breaking all fz-(;ﬂ) loops at finite 7 and o, introducing solely tachyon poles, and then
proceeding to the field theory limit to remove these poles, we establish relations for partial
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loop integrands devoid of poles. This enables the extraction of polynomial BCJ numerators in
that representation. Certain elliptic functions denoted by V,,(1,2,--- ,m) in the literature has
also shown to be useful to produce loop integrands with quadratic propagators in the one-loop
Cachazo-He-Yuan formula [57, 59-68] and its o/ uplift, areas poised to benefit significantly
from our techniques for handling V,,,(1,2,--- ,m) and their products.

This work also paves the way for mathematical explorations, particularly in connection
with elliptic multiple zeta values [18, 23], modular graph forms [29, 30], and elliptic poly-
logarithms [18, 49, 69-73]. It guides the verification of conjectural n-point integral bases
and their generalizations [52, 74, 75|, drawing parallels with Feynman integrals in particle
physics. These connections suggest that twisted de Rham theory could provide a unified and
robust framework to comprehend genus-one string integrals, their reductions, monodromy
relations, and open-closed string relations [1-4, 27, 76-91]. Existing mathematical frame-
works that leverage twisted cohomology setups have already demonstrated that meromorphic
Kronecker-FEisenstein series form a basis under certain conditions, and a generalization of
this could substantiate the conjectures presented herein [37, 46, 47, 92-95].

Last but not least, our study underscores the potential and efficacy of combinatorial
toolboxes for tree-level string integrand basis decomposition at the genus-one level [35, 36]. It
is of course interesting to study the potential extensions to genus-two scenarios [96]. A natural
follow-up step is to study the potential extensions to bases of Koba-Nielsen integrals for higher-
genus string amplitudes. As a higher-multiplicity generalization of the derivatives of Green
functions in the two-loop five-point [97-99] and three-loop four-point amplitudes [100, 101],
it would be interesting to construct generating functions of higher-genus string integrals
from the integration kernels of [96].
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A Notations

In continuation of the discussions in our companion paper [33], we utilize several terminologies
and notations that are extensively defined therein. To aid readers, we recapitulate these
expressions, particularly those introduced in section 2 and section 8.

Integration domains and measures. For the integration of open and closed string
amplitudes, as delineated in (2.15) and (2.16), their respective domains and measures are

— 42 —



detailed below,

/ dpuP ¢ =" Ciop / Lg dzy...dzn ¢, (A1)
op top T (Im 7-) 2 Z
top top
2
cl 5 (21m7)55n71

Here, for open strings, the summation extends over two topologies—cylinder and Moebius-
strip. The C}p factors, known as color or Chan-Paton factors, along with the integration

and DZ  for 7 and z; respectively, are discussed in detail in [50]. The exponent

domains D fop

-
top
of Im 7 is determined by the spacetime dimension D.

For closed strings, the integration of the modular parameter 7 is performed over the
fundamental domain § of the modular group SLy(Z). The integration over punctures 2, . . ., 2,

spans the toroidal worldsheet T, which is characterized by a standard parallelogram in the
complex z;-plane, having corners at 0,1,7+1, and 7.

Even though z = 0 was set using the translation invariance on both open and closed
string worldsheets at genus one, we consider z; to be generic throughout our study.

Koba-Nielsen factors. The Koba-Nielsen factors for open and closed string ampli-
tudes (2.15), (2.16), as well as for chiral splitting (2.22), are detailed as follows

(8} < d
an = exp (— g Sij [log |91(Z¢j,7’)’ — m (Im Zz‘j)2] ) y (A3)
o - 2m
7¢ = exp (— g Sij [log 161 (zi5, T)|* — Tmr (Im zij)ﬂ ) , (A.4)
n n T
Tt = exp (= 3 siglogbilag.r) + Y5 (6h) + 1o 62)). (A.5)
1<i<j j=1

Despite treating s;; independently, the translation invariance of 7, (¢) necessitates mo-
mentum conservation along the loop momentum’s direction, embodied in the condition

P (lkj) = 0.

— 43 —



M., (€) and Mlz...m(ﬁ). The doubly-periodic function Mis....,(§) is a crucial compo-
nent in the single-cycle formula (2.21), and it is defined by the following elaborate expression,

Mio..;m(§) == Z Z (_1)mb<zsib 3771,—2521; Opy +(14-512..m )01 (s M1, ;m+E)
b=2 pe{2,3,- b1} i=1 i—2
w{m,m—1,--- ,b+1}

b—1 m
=90 m) = D Sip1(h, i1 p-1) = D Sipv(ie, M1z, ,z')) Qi
=2 i=b+1
+ Z (_1)m+u+v+w (Ul (nu+1,--- aw—1y — Ty, ,wfl) + v1 (nu, aw — Nu+1,-- ,w))
1<p<u<v<w<g<m+1
m p
X (Z S'Ul + Z S'UZ) Z Z QLP/U#T ? (A'G)
i:q =1 P€{2:3a"' ’p}u-‘{mvmflv"' 7Q} UG{'y,u}u_l{mw}

7€{p+17p+27 ﬂL—l}U_l{'U—l,'U—Q, 7u+1}
7T6{’U+17’U+27 7’11]—1}LI_I{q—17q—27 ,U}-‘rl}

where S;, = s1j + 3¢, 815 if j ¢ p, otherwise s1; +> icp  Sij and

i precedes j in p

vi(n,€) =gV m) + M€ — gV m+€) = gV ) + g1 (€) — g P (n+), (A7)

. R T 1 . >
with g0 (n,7) = ¢V (0, 7) + == = — —yGa(r) = 31" ' Cn(7) . (A8)
n=4

Here, the holomorphic Eisenstein series are derived from the Kronecker-Eisenstein series
evaluated at the origin, represented as

Gu(r) = 3 W — 0,5y, w>4, (A.9)
(m,n)#(0,0)
with modular weight (w,0). This is represented through absolutely convergent double
sums over integers m,n for w > 4. Although the analogous limit z — 0 of f (2)(2,7') is
not well-defined, we come across a non-holomorphic yet modular variant of the weight-two
Eisenstein series
1

(m7 +n)2|mt +n|s’

Ga(7) = hr% Z (A.10)
(m,n)#(0,0)
Subsequently, the meromorphic version Go(7) of Go(7) is given by Go(7) := Gao(7) + -
In the context of the meromorphic functions Mlz...m(f), they can be systematically
derived from the doubly-periodic functions Mjs...,,(§) through a simple substitution,

Mis.m(§) = Miz.n(©lg,,, (A.11)

)ea(m) = Fra@).am), D M—=gM(n)

Elliptic functions and their breaking. Elliptic functions V,,(1,2,...,m) for a general
w are constructed from the products of the Kronecker-Eisenstein series as shown below,

F(Z12a m, T)F(Z237 mn, T) s F(Zm,b 7, 7_)
= Q(z12,1,7)U223,1,7) ... U2m, 1,1, T)

=g ™ anVw(l,Z...,mh‘), (A.12)
w=0
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which yields

k k K — km
Vw(]., 2, e ,m) — Z f1(21) 2(32) e f7(71—1,’r172f7(nl ) (A.l?))
kit+ko+.. +km=w
k k. K — km
= Z 9§21)9£32) . ‘-97(n—1;r)zg7(nl ) )
kit+ka+.. +km=w

with cyclic identification z,11 = z1. Here, V,,(1,2,...,m) prominently features an f-cycle
f(l)f(l) o f(l) f(l)
12 J23 m—1mJml-

As elucidated in the companion paper [33], a direct application of (2.21) to string
integrands involves decomposing the elliptic functions V,,,(1,2,...,m) into a basis. First,
according to (A.12), one can easily establish a connection between V,,(1,2,...,m) and
the cycle Ci13...) (&) by extracting its coefficients of bookkeeping variables 7; and & in a
specific order,

Vm(lv 27 T 7m) = C(IQ"'m)(§)||778777;(3)7"'77121 = ( o ((C(l2m)(§)|ng)}ng) U |719n) . (A14)

Then we just need to perform the same operation on the right-hand side of (2.21) to break
Vm(17 2’ R 7m)’

Ml2m(§)” 0,0 0 ¢0 1 -
Vin(1,2,--- — M Mg M€Y —1)mb A.ld
m( ) 7m) 1+ 512--m 1+ §12--m bz::Z( ) ( )
n
1

Similar operations work for a product of elliptic functions.
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