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1 Introduction

The AdSd+1/CFTd correspondence relating gravity theory in (d+1)-dimensional Anti-de Sitter
(AdS) spacetime to a conformal field theory (CFT) on its boundary is one of the most profound
results in string theory [2]. Through a holographic dictionary, observables of gravity theory
in AdSd+1 are mapped to those of the CFTd [3, 4]. In particular, the Bekenstein-Hawking
entropy of some special black holes can be accounted for from counting the microstates in
CFTs [5, 6]. While the AdS/CFT correspondence has solved many conceptual problems in a
highly illuminating and efficient way, it is not directly applicable to most physics in the real
world where non-AdS spacetimes and non-conformal field theories are ubiquitous.

One way to extend the holographic principle beyond the AdS/CFT correspondence is
to deform both sides of some known examples of holographic duality constructed in string
theory. The advantage of this top-down approach is that string theory is a UV-complete
theory and hence provides more tools for a systematic study. Consider IIB string theory
on AdS3 × N with pure NS-NS flux, which can be obtained as the near horizon limit of
k parallel NS-5 branes and N fundamental strings. String theory on this background has
a weakly coupled worldsheet description in terms of the SL(2,R)k Wess-Zumino-Witten
(WZW) model [7–9], the spectrum of which includes long string sectors as well as short
string sectors. It has been conjectured [10–15] that the long string sector of string theory on
the aforementioned AdS3 ×N background is holographically dual to a symmetric orbifold
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CFT SymN (M0) where M0 is a seed CFT with central charge 6k and N is the number
of fundamental strings in the background.

The conjectured AdS3/CFT2 duality has undergone various checks including matching the
spectrum and correlation functions [11–16], and thus provides a good starting point to study
deformations. In this paper, we focus on the single-trace T T̄ deformation [17] of the symmetric
orbifold CFT, and correspondingly a T dual-shift-T dual (TsT) transformation [18–20] in
string theory.1 In the following, we will describe the two deformations in more details.

To define a single-trace T T̄ deformation, we need to first introduce the double-trace
T T̄ deformation2 [22–24] which is an irrelevant but solvable deformation in the sense that
many of the physical quantities including the spectrum and the scattering amplitudes can
be computed in terms of those before the deformation [23–30]. The deformed theory has
several remarkable features including factorization, intriguing reformaluations as flat Jackiw-
Teitelboim gravity [27, 31], random metrics [25, 32] and string theory [33, 34], and modularity
and universality of torus partition functions [25, 35–37]. Progresses have also been made in
correlation functions [1, 32, 38–43] and entanglement entropy [44–48]. The holographic dual
has been proposed to be Einstein gravity on AdS3 after cuting-off the asymptotic region [38, 49]
or gluing a patch of an auxillary locally AdS3 spacetime to the original one [50], depending on
the sign of the deformation parameter. An alternative proposal is to impose mixed boundary
conditions at the asymptotic boundary of AdS3 spacetime [51, 52]. See also [53, 54] for related
proposals and also further research [55] motivated by this correspondence.

The double-trace T T̄ deformation is universal and can be defined for any quantum
field theory that has two translational symmetries so that the stress tensor can be defined.
In particular, we can apply the double-trace T T̄ deformation to the seed CFT M0 of
the symmetric orbifold CFT. The single-trace T T̄ deformed symmetric orbifold denoted
by SymN (Mµ) can then be constructed from the deformed seed theory Mµ by the usual
orbifolding procedure. More explicitly, the deformed action at deformation parameter µ
satisfies the following differential equation3

∂Sµ

∂µ
= −

N∑
I=1

1
π

∫
JI

(1) ∧ J
I
(2̄), (1.1)

where
JI

(1) = T I
xxdx+ T I

x̄xdx̄, JI
(2̄) = T I

xx̄dx+ T I
x̄x̄dx̄ (1.2)

are the Noether currents generating translational symmetries on the I-th copy of the seed
CFT Mµ. The spectrum in the untwisted sector of the single-trace T T̄ deformed CFT takes
the same form as that in the double-trace version [17], the spectrum in the twisted sector

1The relation between TsT transformation and single trace T J̄ deformation was observed in [18]. Single
trace T T̄ and T J̄ deformation were interpreted as O(d, d) transformations in [19]. A systematic study of the
TsT/T T̄ correspondence and its generalization to T T̄ + JT̄ + T J̄ can be found in [20, 21].

2In the literature, T T̄ deformation often refers to the double-trace version.
3In contrast to the single-trace version (1.1), the double-trace T T̄ deformation of the symmetric orbifold

CFT is defined as,
∂Sµ

∂µ
= −

N∑
I,I′=1

1
π

∫
JI

(1) ∧ JI′

(2̄).
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has been worked out assuming modular invariance of the torus partition function [37], and a
UV completion exhibiting strong-weak coupling duality has been proposed in [56]. Although
the single-trace T T̄ deformation is only explicitly defined for symmetric orbifold CFTs, it
is plausible to expect a similar deformation for more general CFTs. See [57] for a related
discussion for the MSW CFT [58].

The single-trace T T̄ -deformed CFT SymN (Mµ) (1.1) is conjectured to be holographically
dual to the long string sector of IIB string theory on a deformed background generated by TsT
transformation [20] along the two lightcone directions of AdS3. Unlike the double-trace case,
the bulk metric in the single-trace case is no longer locally AdS3 but interpolates between
the linear dilaton background at the UV and AdS3 at the IR [17], and thus the TsT/T T̄
correspondence provides an explicit example of holographic duality beyond AdS. It has been
shown that the string spectrum calculated from the string worldsheet theory [17, 20] agrees
with the spectrum of SymN (Mµ) both in the untwisted sector and twisted sectors [37], the
torus partition function from string theory [59] agrees with that derived from the symmetric
product [37] and both can be written in terms of generalized Hecke operators, and the
black hole entropy and thermodynamics can also be reproduced from the dual field theory
analysis [20].

In this paper, we will provide further evidence for the proposed TsT/T T̄ duality by
showing that the correlation functions calculated from both sides indeed match each other.
The calculation of correlation functions of T T̄ deformed CFT has been a challenge, even for
the more well-studied double-trace version. As the deformation is irrelevant and introduces
non-locality, it is difficult to write a compact form in position space. Nevertheless, a flow
equation and a Callan-Symanzik equation have been written down [1], the later of which can
be conveniently solved in momentum space with appropriate boundary conditions.

One of the main results of this paper is that we provide a non-perturbative result of
two-point functions from the string worldsheet theory after the TsT transformation. The
basic idea is as follows: by a field redefinition [60] strings on the TsT transformed background
can be mapped to strings on AdS3 background with twisted boundary conditions, the latter
of which can be further cast into a momentum-dependent spectra flow transformation [20, 61].
In this paper we implement the momentum-dependent spectra flow transformation to vertex
operators. Consider a vertex operator Ṽ w

j,h(z, p) in AdS3 background with spacetime conformal
weights (h, h̄), winding number w and momentum (p, p̄), the deformed operator denoted by
V̂ w

j,h(z, p) will get an extra dressing factor, with a modified weight hλ̃ determined by

h
TsT−−→ hλ̃ = h+ 2 λ̃

w
pp̄ (1.3)

where λ̃ is the TsT parameter which is to be identified with the T T̄ parameter µ on some
units. Then it can be shown explicitly that after TsT the only change in the momentum
space correlation function is to replace the weight from constant h to hλ̃, that is:〈

Ṽ w
j,h(z, p)Ṽ w

j,h(z,−p)
〉
∼ (pp̄)2h−1 TsT−−→

〈
V̂ w

j,h(z, p)V̂ w
j,h(z,−p)

〉
∼ (pp̄)2h−1+4 λ̃

w
pp̄, (1.4)

where we have omitted some normalization factors. As a consistency check, we expand the
non-perturbative result (1.4) at small λ̃, and find that it indeed agrees with the perturbative
calculation on the string worldsheet.
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Using the holographic dictionary, a vertex operator with winding number w corresponds
to an operator in the w-twisted sector of the symmetric product theory. In particular,
w = 1 corresponds to the untwisted sector in which results for the single-trace and double-
trace deformations are expected to be the same. Indeed, our non-perturbative two-point
function (1.4) with w = 1 does take a similar form as that in the double-trace T T̄ deformation,
and we can check explicitly that it satisfies the Callan-Symanzik equation [1]. For arbitrary
w, we perform a perturbative computation for the two-point function of the twisted operators
in the deformed orbifold theory SymN (Mµ), and find that the result coincides with the
first-order result obtained from string theory. Our results thus provides a further test of
the conjected TsT/single-trace T T̄ correspondence.

The paper is organized as follows. In section 2, we review the relation between TsT
transformation and T T̄ deformation. In section 3, we employ the spectral flow techniques to
derive the momentum dependent weight for vertex operators after the TsT transformation.
Two-point correlation functions from the worldsheet and deformed symmetric orbifold are
derived in section 4 and section 5, respectively. In section 6, we draw a conclusion and
discuss possible future directions.

2 TsT and single-trace T T̄ deformation

In this section, we will briefly review the TsT transformation in string theory and the
single-trace T T̄ deformation, and set up the notation in this paper.

Let us begin with the bosonic string theory with the target space metric G̃µν and a
Kalb-Ramond background field B̃µν :

S̃ = − 1
4πl2s

∫
d2z(

√
−ηηabG̃µν + ϵabB̃µν)∂aX̃

µ∂bX̃
ν , (2.1)

where the worldsheet coordinates are z = τ + σ, z̄ = τ − σ and

η = det(ηab), ηzz̄ = −1
2 , ηzz̄ = −2, ϵzz̄ = −ϵzz̄ = 1. (2.2)

The action can be further written more compactly as:

S̃ = 1
2πl2s

∫
d2zM̃µν∂X̃

µ∂̄X̃ν , (2.3)

where M̃µν = G̃µν + B̃µν . Let us assume that the background has two explicit U(1) isometries
which generate translations along the directions parameterized by X̃1 and X̃ 2̄. The two U(1)
symmetries are global symmetries on the string worldsheet, whose corresponding Noether
currents can be schematically written as:

j̃a
(n) = −l−2

s (
√
−ηηabG̃nµ∂bX̃

µ + ϵabB̃nµ∂bX̃
µ), n = 1, 2̄ (2.4)

or in terms of differential form,

j̃(n) ≡ 2j̃a
(n)ηabdz

b =
(
G̃nµdX̃

µ − B̃nµ ⋆ dX̃
µ). (2.5)

Now we perform a TsT transformation by first doing a T-duality along X̃1, followed by a
shift X̃ 2̄ = X 2̄ − 2λ̃X̃1 and finally another T-duality along X̃1. One key point established
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in [20] is that the TsT transformation is equivalent to the deformation of worldsheet action
by the anti-symmetric product of two Noether currents:

∂S

∂λ̃
= − 1

π

∫
j(1) ∧ j(2̄) (2.6)

where j(n) is the Noether current after the TsT transformation. As we will see momentarily,
formula (2.6) will be very illuminating in the comparison between TsT and T T̄ deformation.

It has been conjectured that the long string sector of IIB string theory on AdS3 × N
with NS-NS flux whose worldsheet theory in the form of (2.1) is holographically dual to a
symmetric product CFT SymN (M0), where M0 is a seed CFT with central charge 6k. The
single-trace T T̄ deformed theory in this context retains the structure of symmetric orbifold,
but with a new seed Mµ which is the double-trace T T̄ deformation of the original seed M0.
As a result, the deformed action of SymN (Mµ) satisfies the following differential equation

∂Sµ

∂µ
= −

N∑
I=1

1
π

∫
JI

(1) ∧ J
I
(2̄), (2.7)

where JI is the Noether current degenerating translational symmetry along the two light-cone
coordinates x = x0 + x1 and x̄ = x0 − x1,

JI
(1) = T I

xxdx+ T I
x̄xdx̄, JI

(2̄) = T I
xx̄dx+ T I

x̄x̄dx̄. (2.8)

Here T I is the energy-momentum tensor on the I-th copy. Spectrum in the untwisted sector
is similar to the case of double-trace T T̄ deformation [17], and can be written in terms of the
undeformed spectrum and deformation parameter. Assuming that partition functions on the
torus are modular invariant, one can derive the deformed spectrum in the twisted sectors [37].

Holographically, it has been conjectured that (2.7) corresponds to TsT deformation (2.6)
on the string theory side. Indeed, the similarity between the differential equations satisfied by
the TsT transformation (2.6) and the single-trace T T̄ (2.7) suggests that the TsT parameter
λ̃ and the T T̄ parameter µ are related by

ℓ2λ̃ = µ (2.9)

where ℓ =
√
kls is the radius of AdS3. As evidence, the long string spectrum calculated from

the worldsheet theory [20, 62] has been shown to match with that in SymN (Mµ) [37], the
entropy and thermodynamics of black holes after the TsT transformation can be reproduced
by the dual symmetric product theory [20], and more recently torus partition function is
also shown to have a universal form at large N . In the following of this paper, we will
study the two-point function of the twisted operators on the both sides, and provide more
evidence for this correspondence.

3 Momentum dependent weight from TsT

In this section, we will review how TsT transformation can induce a momentum dependent
spectral flow and as a result, how the weight h will change as a function of deformation
parameter λ̃ and momentum p.
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3.1 String spectrum on AdS3 × N

Let us consider the AdS3 background in Poincaré coordinates with the metric and B̃ field

ds̃2 = k(dρ2 + e2ρdγ̃d˜̄γ), B̃ = −k2e
2ρdγ̃ ∧ d˜̄γ. (3.1)

The worldsheet action is given by

S̃ = k

2π

∫
d2z(e2ρ∂ ˜̄γ∂̄γ̃ + ∂ρ∂̄ρ). (3.2)

By introducing an auxiliary field β, the action can be rewritten as:

S̃ = 1
2π

∫
d2z

(
k∂ρ∂̄ρ+ β∂̄γ̃ + β̄∂ ˜̄γ − ββ̄

k
e−2ρ

)
. (3.3)

The equations of motion of β and β̄ lead to

β = k∂ ˜̄γe2ρ, β̄ = k∂̄γ̃e2ρ. (3.4)

The Noether currents generating translational symmetry along the lightcone coordinates
γ̃ and ˜̄γ (2.4) in Poincaré AdS3 are given by

j̃ z̄
(γ̃) = ke2ρ∂ ˜̄γ = β, j̃z

(˜̄γ) = ke2ρ∂̄γ̃ = β̄. (3.5)

The spectrum of string theory on AdS3 with NS-NS background has been analyzed in [7],
which can be constructed from representations of the SL(2,R) current algebra, labelled by
(w; j, j̄;h, h̄). The parameter j labels the Casimier of the global SL(2,R) algebra. h and h̄

are the spacetime conformal weights in the dual CFT2, which are also related to the left and
right moving energies in global AdS3. The spectral flow parameter w can be understood as
the winding number of a string around the (contractable) spatial circle of global AdS3, and
holographically it is related to the twisting number w in the twisted sector. The full spectrum
of AdS3 consists of the short string sector and long string sector, where the short strings
refer to the discrete representations Dj of SL(2,R) and its spectral flow images Dw

j , and the
long strings refer to the spectral flowed continuous representations Cw

j,α, where 0 ≤ α < 1,
j = 1

2 + is with real s. In addition, physical states have to satisfy the Virasoro constraint,

∆+∆rest = 1, ∆̄ + ∆̄rest = 1 (3.6)

where ∆(∆̄) denotes the worldsheet conformal weight of the zero modes of AdS3, and
∆rest(∆̄rest) denotes the worldsheet conformal weight of the oscillating modes as well as
the internal spacetime N . The worldsheet conformal weight ∆ and ∆̄ can be expressed in
terms of the data of the representation as4

∆ = −j(j − 1)
k − 2 − w

(
h+ w

k

4

)
, ∆̄ = −j(j − 1)

k − 2 − w

(
h̄+ w

k

4

)
. (3.7)

Note that the above spectrum was originally derived in global AdS3 by a spectral flow trans-
formation that introduces winding along the spatial circle [7]. Subsequently the dependence

4Note that sign convention of w here differs from that of [20] by a minus sign.
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of worldsheet conformal weight ∆ in (3.7) on the spacetime conformal weight h is intro-
duced because h is related to the momentum of the circle along which the strings winds on.
Nonetheless, the relation (3.7) remains applicable in Poincaré AdS3, with the understanding
that h is still the spacetime conformal weight, but no longer denotes momentum. From the
perspective of the dual CFT, this simply corresponds to the state-operator correspondence.
The integer-valued spectral flow parameter w still corresponds to the twisting number in the
dual field theory. The fact that (3.7) continues to hold in Poincaré AdS3 is of great significance
for the rest of this paper, where all discussions will be conducted in Poincaré coordinates.

3.2 Momentum dependent weight after TsT

In this section, we will derive an equation for the conformal weight after the TsT transformation.
The main idea is to relate the TsT transformation to a momentum-dependent spectral flow.
In the following we will follow the steps outlined in [20] and the conventions therein.

In order to do so, we introduce three sets of variables, X̃ as the undeformed AdS3
coordinates, X as those after the TsT transformation, and a set of auxilliary coordinates
X̂ defined by

∂aX̂
n = ∂aX

n − 2λ̃ϵnn′
ϵabj

b
(n′), (3.8)

where n and n′ in ϵnn′ represent the two directions along which we perform the TsT trans-
formation. Hatted coordinates in other directions are the same as the unhatted ones, i.e.
X̂µ = Xµ. By using the non-local coordinate transformation (3.8), the equation of motion
and Virasoro constraint satisfied by the coordinates Xµ after the TsT transformation are
equivalent to those before the TsT transformation satisfied by the non-local coordinates
X̂ [60, 63, 64]. In particular, the currents are related by [60],

ĵm(X̂n) = jm(Xn), ĵm̄(X̂n) = jm̄(Xn) (3.9)

where ĵ and j takes a similar form as (2.4) but with the background fields and coordinates
changed correspondingly.

In Poincaré coordinates (3.1), we consider a TsT transformation along the lightcone
coordinates γ̃ and ˜̄γ with ϵγ̃ ˜̄γ = −1. Using the expression (3.8), we can write down the
corresponding relations between hatted variables and those without hats as follows

∂̄γ̂ = ∂̄γ − 2λ̃β̄,
∂ ˆ̄γ = ∂γ̄ − 2λ̃β. (3.10)

Formulas (3.10) map solutions of the TsT-transformed background to new solutions with
momentum-dependent boundary conditions,

γ̂(σ + 2π)− γ̂(σ) = γ(σ + 2π)− γ(σ) + 4πλ̃p̄. (3.11)
ˆ̄γ(σ + 2π)− ˆ̄γ(σ) = γ̄(σ + 2π)− γ̄(σ)− 4πλ̃p.

where p and p̄ represent the momentum along the γ and γ̄ direction after TsT deformation
respectively,

p = 1
2π

∮ 2π

0
β, p̄ = 1

2π

∮ 2π

0
β̄. (3.12)

– 7 –



J
H
E
P
0
4
(
2
0
2
4
)
0
1
7

Note that in (3.11) the boundary conditions of γ and γ̄ are not specified explicitly. We
will come to this point later.

The change in the boundary conditions (3.11) can be realized by adding a term linear
in the worldsheet coordinates z and z̄ to the tilded coordinate,

γ̂ = γ̃ + 2λ̃p̄z, ˆ̄γ = ˜̄γ + 2λ̃pz̄, (3.13)

where γ̃ and ˜̄γ satisfy the worldsheet equations of motion in Poincaré AdS3. The shift (3.13)
guarantees that the hatted variables satisfy the same worldsheet equations of motion as
the tilded variables do. Comparing (3.13) and (3.11), we learn that γ and γ̃ satisfy the
same boundary conditions. In this paper, we will choose γ̃ in Poincaré AdS3 to satisfy
a twisted boundary condition that corresponds to the representation labelled by integer
parameter w as in (3.8). Note that the w-twisting is prior to the TsT transformation, and
is not affected by the latter. The net effect of the TsT transformation is a further twist
of the boundary conditions that depends on the TsT parameter λ̃ and the momemtum p,
which enables us to use a momentum dependent spectral flow to relate the spectrum before
and after the TsT transformation.

In order to derive the spectrum, we need to write down the Virasoro constraints. After
the TsT transformation, we can write down the stress-energy tensor Tab = 2√

−η
δS

δηab in terms
of the hatted variables as:

T (X) = T̂ (X̂) = −Ĝµν∂X̂
µ∂X̂ν , T̄ (X) = ˆ̄T (X̂) = −Ĝµν ∂̄X̂

µ∂̄X̂ν , (3.14)

where Ĝ = G̃ is the metric before the TsT transforamtion. The stress-energy tensor before
TsT, T̃ and ˜̄T , have similar expressions in terms of tilded variables. Plugging the metric (3.1)
in Poincaré coordinates into the above expressions, we get the AdS3 part of the worldsheet
stress tensor

T̂ = −k(∂ρ)2 + ke2ρ∂γ̂∂ ˆ̄γ = T̃ − 2λ̃p̄β (3.15)
ˆ̄T = −k(∂̄ρ)2 + ke2ρ∂̄γ̂∂̄ ˆ̄γ = ˜̄T − 2λ̃pβ̄,

where in the second equality we have used the relation (3.13). Then from the definition of
the Virasoro zero modes L̂0 = − 1

2π

∮ ˆ̄T and ˆ̄L0 = − 1
2π

∮
T̂ we get the following relation

L̂0 = L̃0 + 2λ̃pp̄, ˆ̄L0 = ˜̄L0 + 2λ̃pp̄, (3.16)

where L̃0 is the zero mode of the Virasoro generator before TsT transformation.
Given a representation of SL(2,R) labelled by (w; j, j̄;h, h̄), the expectation value of

L̃0 is given by formula (3.7). Such a representation is physical after imposing the Virasoro
constraint which now becomes

−j(j − 1)
k − 2 − w

(
hλ̃ + k

4w
)
+ 2λ̃pp̄+∆rest = 1,

− j̄(j̄ − 1)
k − 2 − w

(
h̄λ̃ + k

4w
)
+ 2λ̃pp̄+ ∆̄rest = 1, (3.17)
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where we have fixed the integer-valued winding number w, the representation j and also ∆rest,
so that the λ̃ dependence is only reflected in hλ̃. The Virasoro constraints (3.6) and (3.17)
are the on-shell conditions for physical states before and after the TsT transformation, and
hence imply the following relation

hλ̃ = h+ 2 λ̃
w
pp̄, h̄λ̃ = h̄+ 2 λ̃

w
pp̄. (3.18)

In the special case with w = 1, we have

hλ̃ = h+ 2λ̃pp̄, h̄λ̃ = h̄+ 2λ̃pp̄. (3.19)

A string state with w = 1 corresponds to a state in the untwisted sector in the dual field
theory SymN (Mµ), the latter of which is also the same as the double-trace T T̄ deformed
CFT. The shift of the weights (3.18) is the key formula of our paper. In the next section,
we will provide a consistency check for this result from OPE between vertex operators, and
further apply this result to the calculation of correlation functions. Note that a crucial
point in the derivation of (3.17) is that we have separated the integer-valued spectral flow
parameter w from the momentum-dependent spectral flow (3.13) which corresponds to the
TsT transformation. The string spectrum on the undeformed background (3.7) is valid in both
global and Poincaré AdS3, but the relation between the conformal weight h and momentum
is only valid in global AdS3. In Poincare AdS3, conformal weight h and momentum p are
independent of each other. Similarly, the integer w in Poincaré corrdiante does not have a
simple interpretation as a winding number, but it still corresponds to the twisting number in
the dual field theory. A string state satisfying the Virasoro constraint (3.17) then corresponds
to a state in the w-twisted sector with momentum p, p̄, and scaling weight hλ̃, h̄λ̃ in the
deformed orbifold theory SymN (Mµ).

4 Correlation functions from the worldsheet

In this section, we will provide a non-perturbative calculation of two-point correlation functions
in momentum space after the TsT transformation. The basic idea is to construct the vertex
operator V̂ after the TsT transformation by the momentum-dependent spectral flow, the
later of which introduces some dressing factor to the undeformed vertex operators. Further
using the operator product expansion (OPE), we will re-derive the weight flow formula (3.18)
and show that the two-point correlation function after TsT transformation can be obtained
by replacing the conformal weight h in the undeformed formula by the new weight hλ̃. In
the following, we will first derive the non-perturbative correlation functions based on this
idea and then discuss its small λ̃ expansion, the later of which is found to be consistent with
a conformal perturbation calculation on the worldsheet.

4.1 Non-perturbative result

Before the TsT transformation, the long string sector of IIB string theory on AdS3 ×N is
conjectured to be holographic dual to the symmetric product theory SymN (M0), the latter
of which features twisted sectors with twisting number w. According to the holographic
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dictionary, an operator with spacetime conformal weight (h, h̄) at location (x, x̄) in the
w-twisted sector of SymN (Mµ) corresponds to a vertex operator on Poincaré AdS3 [65, 66]
denoted by Ṽ w,w̄

j,j̄,h,h̄
(z, z̄;x, x̄) where (z, z̄) is the coordinate on the worldsheet and (j, j̄)

label the representation of the SL(2,R). As the TsT transformation preserves translational
symmetries, it is more convenient to work with vertex operators in the momentum space,
denoted by Ṽ w,w̄

j,j̄;h,h̄
(z, z̄; p, p̄) where p and p̄ are momenta conjugate to x and x̄. For brevity,

henceforth we will often suppress the indices in the right moving sector and only restore
them whenever necessary.

The two-point correlation function of the vertex operators have been studied in [9, 67].
Up to a normalization factor, it is given by〈

Ṽ w
j,h(z1,x1)Ṽ w

j,h(z2,x2)
〉
∼ (x1−x2)−2h(x̄1−x̄2)−2h̄(z1−z2)−2∆(z̄1−z̄2)−2∆̄ (4.1)

Performing Fourier transformation, this two-point correlation function can be written in
the momentum space as

〈
Ṽ w

j,h(z1, p)Ṽ w
j,h(z2,−p)

〉
= π22−4hΓ (1− 2h)

Γ(2h) (pp̄)(2h−1) 1
(z1 − z2)2∆

1
(z̄1 − z̄2)2∆̄

, (4.2)

where we have assumed that h = h̄.
As discussed in the previous section, the effect of TsT transformation is encoded in a

spectral flow transformation that depends on the momentum. Let us denote vertex operators
after the TsT transformation by V̂ w,w̄

j,j̄;hλ̃,h̄λ̃

(z, z̄; p, p̄), or V̂ w
j,hλ̃

(z; p) for brevity. The boundary
conditions (3.11) imply a branching behavior in the OPE of deformed field γ̂ and vertex
operator V̂ w

j,h(z, p)

γ̂(z, z̄)V̂ w
j,hλ̃

(z, p) ∼ i(2λ̃p̄)ln(z)V̂ w
j,hλ̃

(z, p), (4.3)

ˆ̄γ(z, z̄)V̂ w
j,hλ̃

(z, p) ∼ i(2λ̃p)ln(z̄)V̂ w
j,hλ̃

(z, p). (4.4)

In the following we will construct a vertex operator that satisfies the OPE (4.3) and (4.4).
The field redefinition (3.10) can be integrated by introducing two bosonic fields:

γ̂ = γ − 2λ̃µ+, ˆ̄γ = γ̄ − 2λ̃µ−, (4.5)

where µ± are defined by

β̄ = ∂̄µ+, β = ∂µ−. (4.6)

As we approach the boundary of AdS3, ρ becomes large and the action (3.3) becomes
that of the β, γ system together with a free scalar field, so that we can use the following
approximation of OPE,

β(z)γ̂(0) ∼ −1
z
. (4.7)

Then we can get the OPE between µ− and γ̂ as

µ−(z)γ̂(0) ∼ −ln(z). (4.8)
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A similar expression also holds for µ+ and ˆ̄γ. By using the OPEs, we can construct the
deformed vertex operators satisfying (4.3) and (4.4) by applying a dressing factor to the
undeformed vertex operator

V̂ w
j,hλ̃

(z, p) = e−i2λ̃pµ+e−2iλ̃p̄µ− Ṽ w
j,hλ̃

(z, p) (4.9)

where the explicit form of hλ̃ will be derived soon. Before the deformation the conformal
weights are on-shell in the sense that they are not arbitrary but determined by the Virasoro
constraints. To construct physical operators after the TsT transformation, however, we
have to start from an off-shell vertex operator with arbitrary conformal weights (hλ̃, h̄λ̃)
and then fix it by physical conditions after the TsT transformation. In the following, we
will show that the dressed vertex operators (4.9) can be used to reproduce the weight
flow equation (3.18), and provide a non-perturbative computation of two-point correlation
functions in momentum space.

Using the OPE (4.8) and the momentum space correlator (4.2) with weights (hλ̃, h̄λ̃), we
find the two-point function of deformed operators (4.9) is very similar to the undeformed
one (4.2)〈

V̂ w
j,hλ̃

(z1,p)V̂ w
j,hλ̃

(z2,−p)
〉
=
π22−4hλ̃Γ

(
1−2hλ̃

)
Γ(2hλ̃)

(pp̄)(2hλ̃−1) 1
(z1−z2)2∆̂

1
(z̄1−z̄2)2 ˆ̄∆

, (4.10)

except that the relation between the weight hλ̃ and the worldsheet conformal weight ∆̂
is modified to

∆̂ = −j(j − 1)
k − 2 − w

(
hλ̃ + k

4w
)
+ 2λ̃pp̄,

ˆ̄∆ = −j(j − 1)
k − 2 − w

(
h̄λ̃ + k

4w
)
+ 2λ̃pp̄. (4.11)

On the other hand, the dependence in the worldsheet coordinates (z, z̄) in a physical vertex
operator is fixed by conformal invariance. This means that the worldsheet conformal dimenison
∆̂ should not change under the TsT transformation. In other words, the value of ∆̂ which
depends on hλ̃ equals to the value of ∆ which depends on the undeformed weight h, namely

∆̂(hλ̃) = ∆(h) (4.12)

which after plugging in (4.11) and (3.7), is nothing but the weight flow equation (3.18) which
we reproduce here for convenience

hλ̃ = h+ 2 λ̃
w
pp̄, h̄λ̃ = h̄+ 2 λ̃

w
pp̄. (4.13)

We thus conclude that the momentum space correlation function after the TsT tansformation
will be the same as the one before the TsT transformation with the z dependence factor kept
intact, but with the replacement h→ hλ̃ in the momentum-dependent part. More explicitly,

〈
V̂ w

j1,hλ̃
(z1,p) V̂ w

j2,hλ̃
(z2,−p)

〉
λ̃
=
π2

2−4
(

h+ 2λ̃pp̄
ω

)
Γ
(
1−2

(
h+ 2λ̃pp̄

ω

))
Γ
(
2
(
h+ 2λ̃pp̄

ω

)) (pp̄)2h−1+ 4λ̃pp̄
ω |z1−z2|−4∆

(4.14)
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where we have used the weight flow equation (4.13). After integrating out the dependence
on z1 and z2, up to some extra normalization factors which are not relevant here, the final
form of two-point function in momentum space can be written as

G
(λ)
2 (p) =

π2
2−4
(

h+ 2λ̃pp̄
ω

)
Γ
(
1− 2

(
h+ 2λ̃pp̄

ω

))
Γ
(
2
(
h+ 2λ̃pp̄

ω

)) (pp̄)2h−1+ 4λ̃pp̄
ω . (4.15)

The non-perturbative result of two point correlation function (4.15) is the main result of
this paper. Note that our result holds for the long string sector with non-zero w, for which a
holographic description in terms of symmetric product theory has been proposed so that a
holographic computation in the single-trace T T̄ theory is expected. Correlation functions
for the short strings with w = 0 were discussed in [68–70], the holographic interpretation of
which is yet to be understood. The fact that the short string sector is holographically more
complicated than the long string sector is inherited from the undeformed AdS3/CFT2, where
a deformation to the symmetric product theory is necessary [15, 69].

In the following, we will test this result by comparing with the first-order perturbative
calculation for small λ̃. Furthermore, we will also see in the next section that this non-
perturbative result matches the double-trace CFT non-perturbative result when we take ω = 1.

Small λ̃ expansion of the non-perturbative result. We can test (4.15) by expanding
it with respect to small λ̃, and then compare it with perturbative result. Expanding the
two-point function (4.15) up to the first order of λ̃, we get

G
(λ̃)
2 (p)=G

(0)
2 (p)

[
1− 4λ̃pp̄

ω
(log(4)−log(pp̄)+ψ(0)(1−2h)+ψ(0)(2h))

]
+O(λ̃2) (4.16)

where G(0)
2 (p) is the undeformed two-point function in momentum space

G
(0)
2 (p) = π22−4hΓ(1− 2h)

Γ(2h) (pp̄)2h−1. (4.17)

In the next subsection, we will compare this result with the first-order calculation, which
provides a non-trivial test on our non-perturbative result.

4.2 Perturbative calculations

In order to do the perturbative calculation of the correlation function on the AdS3 side, we
need to first find the first-order correction of worldsheet action due to the TsT transformation.
Following the method in [20], the action after TsT can be written as

S = 1
2π

∫
d2zMµν∂X

µ∂̄Xν (4.18)

where
M = M̃(I + 2λ̃ΓM̃), Γµν = δ1

µδ
2̄
ν − δ2̄

µδ
1
ν . (4.19)

For the background (3.1), the worldsheet action after TsT transformation becomes

S = k

2π

∫
d2z

(
e2ρ

1 + 2λ̃ke2ρ
∂γ̄∂̄γ + ∂ρ∂̄ρ

)
. (4.20)
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When λ̃ is small, we can get

S ∼ S0 −
λ̃

π

∫
d2z(ke2ρ)2∂γ̄∂̄γ = S0 −

λ̃

π

∫
d2zj−j̄−, (4.21)

which is evidently a current-current deformation on the worldsheet.
As will be explained later, the corrections to the correlation function come not only

from the change of action, but also from the change of operators. In general, the first-order
perturbative expansion of correlation function can be written as:5〈

Ṽ w
j1,hλ̃

(x1, z1) Ṽ w
j2,hλ̃

(x2, z2)
〉

λ̃
−
〈
Ṽ w

j1,h(x1, z1) Ṽ w
j2,h(x2, z2)

〉
0

(4.22)

= λ̃

π

∫
d2z

〈
j−j̄−Ṽ w

j1,h(x1, z1) Ṽ w
j2,h(x2, z2)

〉
0
+
〈
Ṽ w

j1,hλ̃
(x1, z1) Ṽ w

j2,hλ̃
(x2, z2)

〉
1
+O

(
λ̃2
)
,

where the fist term comes from the deformed action, and the second term comes from the
modified vertex operators. The Ward identity on the worldsheet is [7, 13]

j−(z′)Ṽ w
j,h(z;x) =

w∑
m=1

(j−mṼ w
j,h)(z;x)

(z − z′)m+1 +
∂xṼ

w
j,h(z;x)
z − z′

+O(1) , (4.23)

where j−m is the m-th mode of j−.6 The first-order correction to the correlation functions
due to the j−j̄− deformation is∫

dz2
〈
j−(z)j̄−(z̄)Ṽ w

j1,h(x1, z1) Ṽ w
j2,h(x2, z2)

〉
0

(4.24)

= 4h2

|x12|2
∫
dz2 |z12|2

|z − z1|2|z − z2|2
〈
Ṽ w

j1,h(x1, z1) Ṽ w
j2,h(x2, z2)

〉
0
.

Note here, even though there are non-trivial terms from descendants in (4.23), their con-
tribution to (4.24) is actually zero in our case and we refer the details of this calculation
to appendix A. By using dimensional regularization, with d = 2 + ϵ̃, the integral of (4.24)
can be carried out so that we have

λ̃

π

∫
d2z

〈
j−(z)j̄−(z̄)Ṽ w

j,h(x1, z1) Ṽ w
j,h(x2, z2)

〉
0

∼ 16λ̃h2x−2h−1
12 x̄−2h̄−1

12 z−2∆
12 z̄−2∆̄

12

(2
ϵ̃
+ log |z12|2 + γ + log π +O(ϵ̃)

)
,

(4.25)

where we have used the explicit expression of the undeformed two-point function in po-
sition space, 〈

Ṽ w
j,h(x1, z1) Ṽ w

j,h(x2, z2)
〉

0
= x−2h

12 x̄−2h̄
12 z−2∆

12 z̄−2∆̄
12 . (4.26)

Note that the log |z12|2 term in (4.25) violates conformal symmetry on the worldsheet,
and has to be cancelled by a renormalization of the vertex operator, reason why the second
term in (4.22) is needed. The appearance of log |z12|2 can also be understood as effectively
changing the worldsheet conformal weight ∆ and ∆̄. However, the latter must be fixed by

5Here we are using Euclidean signature on the string world sheet.
6Note that j− used here is j+ in [7].
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the Virasoro constraints, which necessitates a renormalization of the conformal weight of
the vertex operator. Under a shift of the weight h→ h+ δh, the two-point function (4.26)
acquires a correction which, up to the first order of δh, is given by〈

Ṽ w
j1,hλ̃

(x1, z1) Ṽ w
j2,hλ̃

(x2, z2)
〉

1
∼ −x−2h

12 x̄−2h̄
12 z−2∆

12 z̄−2∆̄
12 (2δh log |x12|2 + 2δ∆ log |z12|2),

(4.27)
where

δ∆ = −wδh (4.28)

is the change of the worldsheet dimension caused by the shift of h, as can be seen from the
explicit relation (3.7). To cancel the log |z12|2 term in (4.25), we have to choose

δh = − 8λ̃h2

w|x12|2
, (4.29)

which can be interpreted as the infinitesimal version of the weight flow (3.18) in position space.
The weight flow (4.29) guarantees that the z dependence in the correction (4.22) remains the
same as in the undeformed correlator (4.14). The first-order correction (4.22) now becomes

16λ̃h2x−2h−1
12 x̄−2h̄−1

12 z−2∆
12 z̄−2∆̄

12

( 1
ω

log|x12|2 +
2
ϵ̃
+ γ + log π +O(ϵ̃)

)
. (4.30)

Note that the physical result should be independent of regularization parameter ϵ̃, which
can be removed by further renormalizing the vertex operator,

Ṽ w
j,h → Ṽ w

j,h − 2λ̃
(2
ϵ̃
+ γ + log π

)
∇x∇x̄Ṽ

w
j,h (4.31)

Then by combining (4.22) and (4.30), we obtain the final result〈
Ṽ w

j1,hλ̃
(x1, z1) Ṽ w

j2,hλ̃
(x2, z2)

〉
λ̃

⟨Ṽ w
j1,hλ̃

(x1, z1) Ṽ w
j2,hλ̃

(x2, z2)⟩0
=
(
1 + 16λ̃h2

ω|x12|2
log |x12|2 +O(λ̃2)

)
. (4.32)

Momentum space. To check the consistency of our result, it is necessary to compare
the first-order perturbative result with the small λ̃ expansion of the non-perturbative result.
Since the non-perturbative result is in momentum space, let us calculate our first-order
correction in momentum space directly. Using the coordinate space OPE (4.23) and the
fact that contributions from descendant fields vanish, we obtain the first-order correction
from the deformed action to two-point functions as

λ̃

π

∫
dz2

〈
j−(p, z)j̄−(p̄, z̄)Ṽ w

j1,h(p, z1) Ṽ w
j2,h(−p, z2)

〉
0

= −4λ̃G(0)
2 (p)pp̄z−2∆

12 z̄−2∆̄
12

(2
ϵ̃
+ log |z12|2 + γ + log π +O(ϵ̃)

)
,

(4.33)

where G(0)
2 (p) is the undeformed two-point function in momentum space (4.17). Just like the

calculation in coordinate space, to ensure conformal symmetry on the worldsheet, we have
to renormalize the conformal weight, which leads to an additional term〈

Ṽ w
j1,hλ̃

(p, z1) Ṽ w
j2,hλ̃

(−p, z2)
〉

1

= −G(0)
2 (p)z−2∆

12 z̄−2∆̄
12

(
2δ∆ log |z12|2 + 2δh

(
− log pp̄+ log 4 + ψ(0)(1− 2h) + ψ(0)(2h)

))
,

(4.34)
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where 2δ∆ = −4λ̃pp̄ is required to cancel the log |z12|2 in (4.33). Similar to the discussion
in postion space, after using the relation δ∆ = −wδh as determined by (3.7), we get an
infinitesimal flow of the weight

δh = 2λ̃
ω
pp̄. (4.35)

This is nothing but the non-perturbative weight flow equation (3.18).
As what we did in position space, here we can apply a renormalization process to get rid

of the part involving
(

2
ϵ̃ + γ + log π +O(ϵ̃)

)
. After doing this, the sum of (4.33) and (4.34)

gives rise to the final first-order correction to the momentum space two-point function, and
the result matches the small λ̃ expansion of the non-perturbative result (4.16).

5 Correlation functions from T T̄

In this section, we first briefly review the symmetric orbifold CFT, and its single-trace T T̄
deformation. We will compute the correction to two-point functions up to the linearized
order in the deformation parameter using Ward identity, and study the non-perturbative
Callan-Symmanzik equation in the double-trace T T̄ deformation. We will compare both the
perturbative and non-perturbative results to those derived from the string worldsheet.

5.1 Conformal perturbation

In this subsection, we briefly review some basic facts of symmetric orbifold CFT SymN (M0),
and then calculate the single-trace T T̄ deformed two-point function of the twist operator
using conformal perturbation.

The orbifold CFT SymN (M0) is defined by considering N copies of CFT with a quotient
action. The field ΦI , I = 1, · · · , N , of each copy satisfy the equivalence relation ΦI ∼ Φg(I)
for any g ∈ SN . The twist field σg(x) is introduced to create the twist vacua, such that
the filed ΦI obeys

ΦI(e2πi(x− x1))σg(x1) = Φg(I)(x− x1)σg(x1), (5.1)

where x represents coordinates of the two-dimensional complex plane ds2 = dxdx̄. See [71, 72]
for more details of the orbifold CFT.

The field ΦI(x) is not single-valued in the x-plane. We can replace the n fields by a single
field Φ(z) living on x-plane’s covering space with coordinate t [71]. Passing to the covering
space, it is easy to find the conformal dimension of the length n twisted operator σn is
hn = c

24(n−
1
n). The gauge invariant correlator of twist operators should be the following one

⟨σg1σg2 . . . σgn⟩, (5.2)

with g1g2 . . . gn = 1. For bosonic string with k = 3, it is conjectured that the twist operator
corresponds to the vertex operator Ṽ n

j,h with j = 1
2 , h = hn, which represents the ground

state of a single string with winding number n [15]. For general value of k, a general vertex
operator Ṽ n

j,h corresponds to σn,α, which is the twisted field dressed by a local operator
Oα of the seed theory.
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To derive the Ward identity of the stress tensor ⟨TI(x)σg1σg2 . . . σgn⟩, it is convenient to
move to the covering space. Since the one point function of the stress tensor in the covering
space is always zero, one finds the only non-trivial contribution is due to the Schwarzian
of the coordinate transformation

⟨TI(x)σg1σg2 . . . σgn⟩
⟨σg1σg2 . . . σgn⟩

= c

12{tI , x}, (5.3)

where tI is the inverse map of x(t) which corresponds to the coordinates where ΦI lives.
See [72] for the case of the free field symmetric orbifold CFT. For the part relevant to our
calculation, the Ward identity of T T̄ operator is

⟨TI T̄I(x)σg1σg2 . . . σgn⟩
⟨σg1σg2 . . . σgn⟩

=
(
c

12

)2
{tI , x}{t̄I , x̄}. (5.4)

Let us consider the single-trace T T̄ deformation of the symmetric orbifold CFT defined by

∂Sµ

δµ
= − 1

π

∫
d2x

N∑
I=1

(TI T̄I)µ, (5.5)

where µ is the deformation parameter. Let us consider the single-trace T T̄ deformation
of the two-point function

⟨σ(12···n)(0)σ(n···21)(a)⟩, (5.6)

where the two twisted operators are located at x = 0, a respectively. The first-order correction
due to the deformation is

1
π
µ

n∑
I=1

∫
d2x⟨TI T̄I(x)σ(12···n)(0)σ(n···21)(a)⟩. (5.7)

The covering map in this case is given by [71, 73, 74]

x = a
tn

tn − (t− 1)n
. (5.8)

The inverse functions in this case are given by tI , with I from 1 to n, each representing one
sheet of the covering space. We find all the Schwarzians have the same value

{tI(x), x} = a2 (n2 − 1
)

2n2x2(a− x)2 , (5.9)

for each tI . Therefore, we can calculate the first-order correction for each copy and then
sum up. The result is

1
π
µ

n∑
I=1

∫
d2x⟨TI T̄I(x)σ(12···n)(0)σ(n···21)(a)⟩

= 1
π
µ

(
c

24

)2 1
n

(
n− 1

n

)2
|a|4

∫
d2x

1
|x|4|a− x|4

⟨σ(12···n)(0)σ(n···21)(a)⟩

= 16µh2
n

n|a|2
(2
ϵ̃
+ log |a|2 + γ + log π − 5/2 +O(ϵ)

)
⟨σ(12···n)(0)σ(n···21)(a)⟩

(5.10)
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with hn = c
24(n− 1

n). Here ϵ̃ is the parameter of the dimensional regularization by replacing
2 to (2 + ϵ̃). The divergence 1/ϵ̃ can be renormalized by using the same procedure in the
previous section, which leads to the final result

⟨σ(12···n)(0)σ(n···21)(a)⟩µ

⟨σ(12···n)(0)σ(n···21)(a)⟩
=
(
1 + 16µh2

n

n|a|2
log(|a/ϵ|2) +O(µ2)

)
, (5.11)

where ϵ is the UV cutoff of the theory and ⟨σ(12···n)(0)σ(n···21)(a)⟩ is the two-point function
of the original CFT which has the standard form,

⟨σ(12···n)(0)σ(n···21)(a)⟩ =
CCF T

|a|4hn
, (5.12)

where CCF T is a normalization factor. Note that to obtain the first-order result (5.11), we
have used dimensional regularization followed with a renormalization which eliminates the
regulator ϵ̃, but reintroduced a cutoff parameter ϵ by dimensional analysis. Alternatively, the
same result (5.11) can be obtained directly by the point splitting method [1, 41], where the
parameter ϵ plays the role of the cutoff of point-splitting. See appendix B for the details of
this method. Although the above result of two-point function (5.11) is for the twist operators
only, it is plausible to expect the general structure holds for more general primary operators.

Correlators in the untwisted sector of sing-trace T T̄ deformation with n = 1 should
be the same as that of the double-trace T T̄ deformation, where the Ward identity for a
primary operator can be written as

T (x)O(y) =
(

h

(x− y)2 + ∂y

x− y

)
O(y). (5.13)

Using (5.13), we can calculate the first-order correction to the two-point function, which
after renormalization can be written as [1, 38]

⟨O(0)O(a)⟩µ

⟨O(0)O(a)⟩ =
(
1 + 16µh2

|a|2
log(|a/ϵ|2) +O(µ2)

)
. (5.14)

Comparing with the double-trace T T̄ deformed two-point function, we find the single-trace
result (5.11) is the same except for a factor of 1/n, a structure that typically appears in the
twisted sector. This provides an additional reason why we expect that the result of (5.11)
also holds in the case of generic operators O.

Comparison to the TsT calculation. In order to make comparisons to the results
obtained from the worldsheet calculation, let us recall the holographic dictionary

ℓ2λ̃ = µ, w = n (5.15)

which states that the parameter of TsT transformation λ̃ and the winding number w of long
strings on the string theory side are identified with the deformation parameter µ and the
length of a cycle in the twisted sector of the symmetric product theory SymN (M0).

Using conformal perturbation theory on the string worldsheet, the two-point correlation
function is given by (4.32), which we reproduce here for convenience,〈

Ṽ w
j1,hλ̃

(x1, z1) Ṽ w
j2,hλ̃

(x2, z2)
〉

λ̃

⟨Ṽ w
j1,hλ̃

(x1, z1) Ṽ w
j2,hλ̃

(x2, z2)⟩0
=
(
1 + 16λ̃h2

ω|x12|2
log |x12|2 +O(λ̃2)

)
. (5.16)
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Using the holographic dictionary (5.15) and taking x12 = −a and h = hn, we learn that up to
this order, the twist operator two-point function (5.11) has the same structure as that of (5.16),
for arbitrary value of w = n. In addition, in the untwisted sector with n = 1, the perturbative
results from both sides, namely (5.16) and (5.14), agree for arbitrary primary operators.

As the string theory result (5.16) is valid for general operators with arbitrary w = n, to
complete the comparison we still need to provide a derivation of the two-point correlators
for general primary operators in the twisted sector, which is expected to take a similar form
as (5.11). We leave this for future study.

5.2 Non-perturbative results

It would be interesting to calculate the non-perturbative two-point function of the single-trace
T T̄ -deformed theory and compare it with the string theory result (4.14). In this paper
we focus only on the untwisted sector with n = 1, where the results of the single-trace
deformation align with those of the double-trace T T̄ -deformed conformal field theory derived
in [1]. It has been observed that the logarithmic divergence arises not only in the first-
order perturbation [38], but also at all orders. Therefore, it is necessary to introduce a
renormalized operator to eliminate the divergence. In our convention, we need to cancel
the logarithmic divergence of the two-point correlation function (5.14) in momentum space
⟨O(q)O(−q)⟩µ ∼ ⟨O(q)O(−q)⟩0

(
1 + 4µqq̄ log(qq̄ϵ2) + · · ·

)
, and the renormalized operator

should be

O(q) = e−4µ log(Λϵ)qq̄O(q) (5.17)

with µ the deformation parameter, ϵ the point-splitting cut-off, Λ renormalization scale
and q the momentum. From the condition that the bare correlator does not depend on
renormalization scale Λ, we can get the Callan-Symanzik equation for a renormalized two-
point function C2(qn, µ,Λ) [1]

0 = Λ∂Λ
[
e8µ log(Λϵ)qq̄C2(q, µ,Λ)

]
, (5.18)

from which we can get,

0 = (Λ∂Λ + 8µqq̄)C2(q, µ,Λ). (5.19)

On the other hand, from dimensional analysis and the boundary condition C2(q, µ = 0) ∼
(qq̄)2h−1, we can also get7

0 =
(
Λ∂Λ + q∂q + q̄∂q̄ − 2µ∂µ − (4h− 2)

)
C2(q, µ,Λ). (5.20)

At fixed Λ, the above equation becomes

0 =
(
q∂q + q̄∂q̄ − 2µ∂µ − (4h− 2)− 8µqq̄

)
C2(q, µ,Λ). (5.21)

It is interesting to note that (
q∂q + q̄∂q̄ − 2µ∂µ

)
F (µqq̄) = 0 (5.22)

7The position version of the Callen-Symanzik equation (5.19) is given by eq. (5.11) in [32], wherein a
detailed derivation is also provided.
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ufor any function F (x). Thus a general solution for the Callan-Symanzik equations (5.19)
and (5.21) can be written as:

F (µqq̄)(qq̄)2h−1+4µqq̄Λ−8µqq̄, F (0) = 1. (5.23)

The coefficient F (µqq̄) depends on the renormalization scheme and will not be fully determined
here. In [1], the function is chosen as F (µqq̄) = 1. As can be seen momentarily, in order
to match the nonperturbative result derived from string theory, however, we need to make
a different choice for F (µqq̄).

Comparison to the TsT calculation. Using the TsT transformation and spectral flow
transformation, we have obtained a non-perturbative result for two-point correlation func-
tions (4.15). The result with w = 1 is given by,

π22−4h−8λ̃pp̄Γ
(
1− 2h− 4λ̃pp̄

)
Γ(2h+ 4λ̃pp̄)

(pp̄)2h−1+4λ̃pp̄. (5.24)

The result with w = n = 1 is to be compared to the untwisted sector of single-trace T T̄
deformed CFT, or equivalently the double-trace T T̄ deformed CFT. Using the holographic
dictionary (5.15), and identifying the momentum p = −q, it is evident that (5.24) takes
the general form of (5.23), and thus satisfies the Callan-Symanzik equation (5.20). It will
be interesting to further understand the specific choice of the function F (µqq̄) from the
T T̄ -deformed CFTs.

6 Conclusion and discussion

In this paper, we investigate two-point correlation functions in the conjectured correspondence
between IIB string theory, which is obtained by applying TsT transformation to the AdS3×N
background with NS-NS background, and the single-trace T T̄ deformed symmetric product
theory SymN (Mµ). Using a momentum-dependent spectral flow, we derive a formula for the
flow of the conformal weight (3.18) and a non-perturbative result for two-point correlation
functions (4.15). The non-perturbative result is consistent with conformal perturbation on
the worldsheet in both position space and momentum space. We demonstrate that, up to the
linearized order, the two-point correlation functions of twisted operators with arbitrary twist
number w = n, and general primary operators in the untwisted sector with w = n = 1 of
SymN (Mµ) are both consistent with the string theory result. Finally, the non-perturbative
result in the untwisted sector satisfies the Callen-Symanzik equation.

Several interesting questions remain to be explored in future work. To complete the
comparison of two-point functions, more work needs to be done from the T T̄ side, including
i) a derivation of the arbitrary function F (µqq̄) that appears in the general solution (5.23)
of the Callen-Symanzik equation, ii) a derivation of the Callen-Symanzik equation in the
twisted sector of the deformed orbifold theory SymN (Mµ), and iii) a perturbative calculation
of general operators in the twisted sector. On the string theory side, it will be interesting to
use our techniques to further compute three and four-point functions. Furthermore, while
this paper focuses on TsT transformations that are dual to single-trace T T̄ deformations, we
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expect that the worldsheet calculation can be generalized to single-trace JT̄ and JT̄+T T̄+T J̄
deformations [18, 21, 75–79]. Finally, it is also interesting to reproduce the result of two-
point function (4.15) in the low energy effective theory. As w ̸= 0, we expect such a
computation would be carried out in a supergravity theory containing winding strings such
as the Horowitz-Polchinski theory [80]. We leave this interesting question to future work.
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A j−j̄− deformation of two-point correlation function

In this appendix, we will discuss how to derive equation (4.24), i.e. the first-order j−j̄−

deformation of two-point correlation function from (4.23). We will show explicitly that the
descendant fields in (4.23) will make no contribution in (4.24). The OPE between the SL(2,R)
currents and vertex operators inserted at x = x̄ = 0 is given by

j−(z)V w
j,h(0; 0) ∼

w∑
m=1

(j−mV w
j,h)(0; 0)
zm+1 +

∂xV
w

j,h(0; 0)
z

,

j3(z)V w
j,h(0; 0) ∼

hV w
j,h(0, 0)
z

, (A.1)

j+(z)V w
j,h(0; 0) ∼ O(zw−1),

vertex operators elsewhere are obtained from those at the origin by evolving it along x and x̄,

V w
j,h(x; zi) = exj−0 +x̄j̄−0

(
V w

j,h(0; zi)
)
e−xj−0 −x̄j̄−0 . (A.2)

Then the analog of (A.1) at arbitrary location is

ja(ξ)V w
j,h(x, z) = exj−0 +x̄j̄−0

(
ja(x)(ξ)V w

j,h(0; z)
)
e−xj−0 −x̄j̄−0 (A.3)

with

j−(x)(z) = j−(z),

j3(x)(z) = j3(z) + xj−(z), (A.4)

j+(x)(z) = j+(z) + 2xj3(z) + j−(z).
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The first-order correction to the two-point function in the jj̄ deformed theory is〈
j̄−(z̄)j−(z)V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
(A.5)

=
〈
j̄−(z̄) · j−(z) · V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
+
〈
V w

j,h(x1; z1) j̄−(z̄) · j−(z) · V w
j,h(x2; z2)

〉
+
〈
j̄−(z̄) · V w

j,h(x1; z1) j−(z) · V w
j,h(x2; z2)

〉
+
〈
j−(z) · V w

j,h(x1; z1)j̄−(z̄) · V w
j,h(x2; z2)

〉
where · represents the contraction of j−(j̄−) with the vertex operators. Using the Ward iden-
tity (A.3), which in the case of j− takes a similar form as (A.1), the correlation function (A.5)
can be written as a sum of (4.24) and additional terms in the following form:

w∑
m̄=1

w∑
m=1

G1
m̄,m

(z̄ − z̄1)m̄+1(z − z1)m+1 ;
w∑

m̄=1

w∑
m=1

G2
m̄,m

(z̄ − z̄2)m̄+1(z − z2)m+1 , (A.6)

w∑
m̄=1

w∑
m=1

Mm,m̄

(z̄ − z̄2)m̄+1(z − z1)m+1 ;
w∑

m̄=1

w∑
m=1

Mm̄,m

(z̄ − z̄1)m̄+1(z − z2)m+1 , (A.7)

w∑
ℓ=1

F 2
ℓ

(z − z2)ℓ+1 ;
w∑

ℓ=1

F 1
ℓ

(z − z1)ℓ+1 ;
w∑

ℓ=1

F̄ 1
ℓ

(z̄ − z̄1)ℓ+1 ;
w∑

ℓ=1

F̄ 2
ℓ

(z̄ − z̄2)ℓ+1 , (A.8)

where the z/z̄-independent coefficients are given by

G1
m̄,m =

〈(
j̄−m̄j

−
mV

w
j,h(x1;z1)

)
V w

j,h(x2;z2)
〉
, G2

m̄,m =
〈
V w

j,h(x1;z1)
(
j̄−m̄j

−
mV

w
j,h(x2;z2)

)〉
,

Mm̄,m =
〈
j̄−m̄V

w
j,h(x1;z1)j−mV w

j,h(x2;z2)
〉
, Mm,m̄ =

〈
j−mV

w
j,h(x1;z1)j̄−m̄V w

j,h(x2;z2)
〉
,

F 1
ℓ = ⟨(j−ℓ V

w
j,h(x1;z1))V w

j,h(x2;z2)⟩, F 2
ℓ = ⟨V w

j,h(x1;z1)(j−ℓ V
w

j,h(x2;z2))⟩,

F̄ 1
ℓ = ⟨(j̄−ℓ V

w
j,h(x1;z1))V w

j,h(x2;z2)⟩, F̄ 2
ℓ = ⟨V w

j,h(x1;z1)(j̄−ℓ V
w

j,h(x2;z2))⟩.
(A.9)

All the above terms come from the action of non-zero modes of the currents on the vertex
operators, i.e. the first term in the right hand side of (A.1). In particular, the G terms come
from the action of the non-zero modes of j− and j̄− on the same vertex operators, the M
terms from the non-zero modes of j− and j̄− on different vertex operators. The F terms
represent the mixing of non-zero modes with the operation of differential operator. Now our
task is to show that all the aforementioned terms are actually zero.

The G terms always vanish after z integration, as∫
d2z

1
(z − z1)l1(z̄ − z̄1)m1

, l1 ≥ 2, m1 ≥ 2 (A.10)

= (l1 − 1)!(m1 − 1)!∂l1−1
z1 ∂m1−1

z̄1

∫
d2z

1
|z − z1|2

= (l1 − 1)!(m1 − 1)!∂l1−1
z1 ∂m1−1

z̄1

∫
d2z

1
|z|2

= 0

Similarly, all the M terms also vanish.
For F terms, let’s review the trick in [13]. One can compute the special combination

of the currents in two different ways. First, as shown in equation (4.7) in [13], using (A.1)
and (A.4) we have〈(

j+(z)− 2xjj
3(z) + x2

jj
−(z)

)
V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
= O((z − zi)w−1) (A.11)
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On the other hand, the left hand can also be directly evaluated using the OPEs as〈(
j+(z)− 2xjj

3(z) + x2
jj

−(z)
)
V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
(A.12)

=
∑
i ̸=j

(
2(xi − xj)hi + (xi − xj)2∂xi

(z − zi)
〈
V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
+

w∑
ℓ=1

(xi − xj)2

(z − zi)ℓ+1F
i
ℓ

)
.

(A.11) means that all the singular terms in (A.12) as z → zi should vanish, and hence
we obtain

w∑
ℓ=1

F 2
ℓ

(z − z2)ℓ+1 = −2(x2 − x1)h+ (x2 − x1)2∂x2

(z − z2)(x2 − x1)2

〈
V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
= 1
z − z2

[ 2h
(x2 − x1)

+ ∂x2

] 〈
V w

j,h(x1; z1)V w
j,h(x2; z2)

〉
= 0

(A.13)

where we have used the expression of the undeformed two-point function (4.1) in the last
step. Similarly, we can show that

w∑
ℓ=1

F 2
ℓ

(z − z2)ℓ+1 =
w∑

ℓ=1

F 1
ℓ

(z − z1)ℓ+1 =
w∑

ℓ=1

F̄ 1
ℓ

(z̄ − z̄1)ℓ+1 =
w∑

ℓ=1

F̄ 2
ℓ

(z̄ − z̄2)ℓ+1 = 0. (A.14)

B Single-trace T T̄ -deformed two-point functions

In this appendix we use the method of point-splitting to calculate the linearized perturbation
to the two-point function of twist operatots. See [1] and appendix D in [41] for this method.

Let us consider the first-order two-point functions of the twist operators under the
single-trace T T̄ -deformation

C2 = µ

π

n∑
I=1

∫
d2x⟨TI(x+ ϵ)T̄I(x̄)σ(12···n)(0)σ(n···21)(a)⟩, (B.1)

where we have introduced the point-splitting parameter ϵ. Since the stress-momentum tensor
is conserved, it is useful to rewrite it by TI(x) = ∂xχI(x) and T̄I(x̄) = ∂x̄χ̄I(x̄), which are
correct except at the insertion point of the operator. The correlator C2 thus can be written
in terms of contour integral

C2 = i
µ

π

n∑
I=1

⟨
∫

∂S
dx̄
(
χI(x+ ϵ)T̄I(x̄)σ(12···n)(0)σ(n···21)(a)

)
⟩, (B.2)

where ∂S is the contour encircling the possible singularity of T (x) or χ(x). Using the Ward
identify (5.4) and the explicit expression the Schwartzain (5.9), we can get the OPE around
the two-points x1 = 0, x2 = a as,

n∑
I=1

TI(x)T̄I(x̄)σ12···n(xi)=
n∑

I=1

chn

6n

( 1
2(x−xi)2 ±

1
a(x−xi)

+O((x−xi)0)
)
{t̄I(x̄), x̄}σ12···n(xi),

(B.3)
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where the plus sign is taken for xi = 0, and minus sign for xi = a. After integration, we get
n∑

I=1
χI(x)T̄I(x̄)σ12···n(xi)=

n∑
I=1

chn

6n

(
− 1
2(x−xi)

± 1
a
ln(x−xi)+O((x−xi)0)

)
{t̄I(x̄), x̄}σ12···n(xi),

(B.4)
from which we can explicitly see that χI(x + ϵ) is not single valued around 0 and a. As
a result, the contour along ∂S in (B.2) can be divided into coutour integrals around the
two branching points at xi = 0, a, and the contribution from the branch cut in between.
Schematically, we have the following two types of contributions,

−ϵ a− ϵ

∂S

= −ϵ

(2)

+

(1)

+ a− ϵ

(2)

. (B.5)

Let us first consider the contribution from the branch cuts i.e. the first part (1) in the above
equation. Since the discontinuity is due to the insertion points at xi = 0, a, we can evaluate
it using the expansion (B.4), which amounts to

C2,(1) = i
µ

π

∑
I,i

∫ x̄i−ϵ

X̄−ϵ
dx̄⟨χ(x+ ϵ)T̄I(x̄)σ(12···n)(0)σ(n···21)(a)⟩

∣∣below
above

= −µ chn

3na

n∑
I=1

∫ 0̄−ϵ

ā−ϵ
dx̄{t̄I(x̄), x̄}⟨σ(12···n)(0)σ(n···21)(a)⟩

= 16µh2
n

n|a|2
log

(
ā

ϵ

)
⟨σ(12···n)σ(n···21)(a)⟩+O(ϵ).

(B.6)

The second part C2,(2) is

C2,(2) = i
µ

π

∑
I,i

∮
x̄=x̄i−ϵ

dx̄⟨χI(x+ ϵ)T̄I(x̄)σ(12···n)(0)σ(n···21)(a)⟩

= −µ
n∑

I=1

4hn

nā

(∫ 0−ϵ

X̄−ϵ
dx−

∫ ā−ϵ

X̄−ϵ
dx

)
TI(x)⟨σ(12···n)(0)σ(n···21)(a)⟩,

(B.7)

where we have used the OPE between T̄ and the twist operators, carried out the contour
integrals enclosing 0 and a, and rewritten χI(x) in terms of the integration of T (x). The
two integrals in the above equation combines, which using the Schwartzian again, leads to
the final contribution from the two branching points

C2,(2) = −µ chn

3nā

n∑
I=1

∫ 0−ϵ

a−ϵ
{tI(x), x}⟨σ(12···n)(0)σ(n···21)(a)⟩

= 16µh2
n

n|a|2
log

(
a

ϵ

)
⟨σ(12···n)(0)σ(n···21)(a)⟩+O(ϵ).

(B.8)

Putting together the two parts (B.6) and (B.8), we get the first-order single-trace T T̄

deformed two-point function

C2 = 16µh2
n

n|a|2
log

(
|a|2

ϵ2

)
⟨σ(12···n)(0)σ(n···21)(a)⟩+O(ϵ), (B.9)

which reproduces the result (5.11) obtained from dimensional regularization and renor-
malizarion.
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